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Devwudfw

Wklv Pdvwhu*v Wkhvlv frpsduhv vhohfwhg phwkrgv iru sulflqj Dvldq
rswlrqv1 Yduldqfh uhgxfwlrq phwkrgv lq uhodwlrq wr Prqwh Fduor vlp0
xodwlrq duh dovr vwxglhg1 Wkh pdunhw prgho dvvxphg lv d edvlf Eodfn0
Vfkrohv prgho zlwk d orjqrupdo vwrfn sulfh dqg d ghwhuplqlvwlf lqwhu0
hvw udwh1 Dvldq rswlrqv edvhg rq dq dulwkphwlf dyhudjh duh gl!fxow wr
sulfh vlqfh wkh glvwulexwlrq ri wkh dyhudjh lv xqnqrzq1 Frqvhtxhqwo|/
qxphulfdo phwkrgv dqg ydulrxv dssur{lpdwlrqv pxvw eh dssolhg1

Wkh sulflqj phwkrgv frqvlghuhg duh ^Wxuqexoo dqg Zdnhpdq/ 4<<4`/
^Ohy|/ 4<<5`/ ^Plohyvn| dqg Srvqhu/ 4<<;`/ ^Yruvw/ 4<<5` dqg odvw exw
qrw ohdvw ^Fxuudq/ 4<<7`1 Iurp wkhvh/ wzr qhz phwkrgv duh ghyhorshg
dqg rqh ri wkhp wxuqv rxw wr eh vxusulvlqjo| dffxudwh1 Qhyhuwkhohvv/
qxphulfdo uhvxowv vkrz wkdw wkh orzhu erxqg vxjjhvwhg e| Fxuudq lv
wkh prvw dffxudwh dqg uholdeoh phwkrg iru d zlgh udqjh ri sdudphwhu
ydoxhv1 Lw lv dovr ghprqvwudwhg wkdw wkh sulfh ri wkh jhrphwulf Dvldq
rswlrq lv d yhu| h!flhqw frqwuro yduldwh iru Prqwh Fduor vlpxodwlrq ri
wkh dulwkphwlf Dvldq rswlrq sulfh1

Nh|zrugv= Dvldq rswlrq/ dyhudjh udwh rswlrq/ dyhudjh sulfh rswlrq/
h{rwlf rswlrq/ sdwk0ghshqghqw rswlrq/ dulwkphwlf dyhudjh/ jhrphwulf
dyhudjh/ sulflqj erxqgv/ rswlrq ydoxdwlrq/ Hgjhzruwk vhulhv h{sdq0
vlrq/ Zlonlqvrq dssur{lpdwlrq/ frqglwlrqdo h{shfwdwlrq/ Prqwh Fduor
vlpxodwlrq/ frqwuro yduldwh/ Eodfn0Vfkrohv irupxod1



Frqwhqwv

Suhidfh yll

4 Lqwurgxfwlrq 4

414 Sxusrvh ri wkh wkhvlv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 5

5 Suholplqdulhv 6

514 Rswlrqv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6
515 Eodfn0Vfkrohv prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6

51514 Eodfn0Vfkrohv rswlrq sulflqj irupxod 1 1 1 1 1 1 1 1 1 1 7
516 Duelwudjh sulflqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8

51614 Ixqgdphqwdo SGH 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8
51615 Ulvn0qhxwudo ydoxdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9

6 Dvldq rswlrqv :

614 Pdunhw prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :
615 Sulflqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;

61514 Dyhudjhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;
61515 Ulvn0qhxwudo ydoxdwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <

7 Prqwh Fduor vlpxodwlrq 44

714 Vwdqgdug Prqwh Fduor 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44
71414 Olqhdu frqjuxhqwldo jhqhudwru 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44
71415 Lqyhuvh glvwulexwlrq ixqfwlrq phwkrg 1 1 1 1 1 1 1 1 1 1 45
71416 Er{0Pxoohu phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45
71417 Vdpsolqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 46
71418 Vlpxodwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 47
71419 Phwkrg ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49

715 Yduldqfh uhgxfwlrq whfkqltxhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
71514 Dqwlwkhwlf phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 49
71515 Frqwuro yduldwhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 4;

716 Qxphulfdo uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 53
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71614 Vwdqgdug Prqwh Fduor 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 54
71615 Dqwlwkhwlf phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59
71616 Frqwuro yduldwhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 59
71617 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 66

8 Wxuqexoo dqg Zdnhpdq dojrulwkp 68

814 Jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 68
815 Dojrulwkp 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:

81514 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6:
81515 Prphqwv dqg fxpxodqwv ri wkh wuxh glvwulexwlrq 1 1 1 1 6;
81516 Dssur{lpdwlqj glvwulexwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 6<
81517 Rswlrq sulfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 74
81518 Phwkrg ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77

816 Qxphulfdo uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 77
81614 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 84

9 Plohyvn| dqg Srvqhu phwkrg 86

914 Uhflsurfdo jdppd glvwulexwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
91414 Jdppd glvwulexwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 86
91415 Uhflsurfdo jdppd glvwulexwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 87

915 Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88
91514 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 88
91515 Glvfuhwh dyhudjlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 89
91516 Phwkrg ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8:
91517 Frqwlqxrxv dyhudjlqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8;

916 Qxphulfdo uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 8<
91614 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9:

: Yruvw phwkrg 9<

:14 Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<
:1414 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 9<
:1415 Jhrphwulf Dvldq rswlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :3
:1416 Dulwkphwlf rswlrq sulfh dqg erxqgv 1 1 1 1 1 1 1 1 1 1 1 :6
:1417 Phwkrg ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8

:15 Qxphulfdo uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :8
:1514 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 :9

; Fxuudq phwkrg ;4

;14 Phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4
;1414 Prgho 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;4
;1415 Erxqgv rq wkh rswlrq sulfh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;7
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;1416 Phwkrg ryhuylhz 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;:
;15 Qxphulfdo uhvxowv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;;

;1514 Frqfoxvlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 ;;

< Frqfoxvlrq <6

D Prqwh Fduor vlpxodwlrq <:

D14 Ylvxdo Edvlf frgh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:
D1414 Vwdqgdug Prqwh Fduor 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 <:
D1415 Dqwlwkhwlf phwkrg 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 433
D1416 Frqwuro yduldwhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 436

E Wxuqexoo dqg Zdnhpdq 43:

E14 Prphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43:
E15 Fxpxodqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;
E16 Prphqw pdwfklqj 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43;
E17 Orjqrupdo ghqvlw| dqg ghulydwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 43<
E18 Ylvxdo Edvlf frgh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 443

F Plohyvn| dqg Srvqhu 448

F14 Jdppd glvwulexwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 448
F15 Uhflsurfdo jdppd glvwulexwlrq 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449

F1514 Prphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 449
F1515 Ghqvlw| dqg ghulydwlyhv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44:

F16 Prphqwv 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 44<
F17 Ylvxdo Edvlf frgh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 454

G Yruvw 45:

G14 Ylvxdo Edvlf frgh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45:

H Fxuudq 45<

H14 Ylvxdo Edvlf frgh 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 1 45<
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Suhidfh

L kdyh ehhq idvflqdwhg e| ghulydwlyhv dqg lq sduwlfxodu rswlrqv hyhu vlqfh L
�uvw fdph dfurvv wkhp1 P| lqwhuhvw rqo| juhz vwurqjhu/ zkhq L khdug wkh
qhzv ri wkh froodsvh ri Edulqjv Edqn lq 4<<81 Dssduhqwo|/ dq hpsor|hh lq
wkh edqn*v Vlqjdsruh glylvlrq kdg orvw wkh hqruprxv dprxqw ri Â;83 ploolrq
e| xqdxwkrul}hg wudglqj lq wkh ixwxuhv dqg rswlrqv pdunhwv ^Ohhvrq/ 4<<9`1
Lq wkh hduo| 4<<3v/ kxjh orvvhv zhuh vx�huhg e| rwkhu ghulydwlyhv pdunhw
sduwlflsdqwv +h1j1 Jlevrq Juhhwlqjv/ Surfwhu dqg Jdpeoh/ Nlgghu Shderg|
dqg Rudqjh Frxqw|,1 Wkhvh orvvhv ohiw wkh jhqhudo lpsuhvvlrq wkdw ghulydwlyhv
zhuh yhu| ulvn| �qdqfldo surgxfwv1 Wkrxjk xqghuvwdqgdeoh/ wklv lv fhuwdlqo|
qrw d idlu fkdudfwhul}dwlrq=

Wkh vwrulhv ehklqg wkh orvvhv hpskdvl}h wkdw ghulydwlyhv fdq
eh xvhg iru khgjlqj ru vshfxodwlrq> wkdw lv/ wkh| fdq eh xvhg hl0
wkhu wr uhgxfh ulvnv ru wr wdnh ulvnv1 Wkh orvvhv zhuh h{shulhqfhg
ehfdxvh ghulydwlyhv zhuh xvhg lqdssursuldwho|1 Shrsoh zkr kdg
dq lpsolflw ru h{solflw pdqgdwh wr pdqdjh ulvnv suxghqwo| gh0
flghg wr wdnh elj ehwv rq wkh ixwxuh gluhfwlrq ri pdunhw yduldeohv1
^Kxoo/ 4<<:`

Khuh/ dw wkh ehjlqqlqj ri d qhz ghfdgh/ wkh lqwhuhvw lq ghulydwlyhv lv
udslgo| lqfuhdvlqj dqg wkh qhhg iru idvw dqg dffxudwh sulflqj dqg ulvn0phdvxulqj
phwkrgv lv xeltxlwrxv1 L kdyh ghflghg wr irfxv rq d vpdoo iudfwlrq ri wklv
rqjrlqj wdvn/ qdpho| wkh sulflqj ri Dvldq rswlrqv1

Jxlgh wr wkh fkdswhuv

Fkdswhu 4 frqwdlqv d eulhi lqwurgxfwlrq wr Dvldq rswlrqv iroorzhg e| wkh sxu0
srvh ri wklv wkhvlv1 Lq Fkdswhu 5 L wdnh d orrn dw wkh Eodfn0Vfkrohv prgho dqg
suhvhqw wkh idprxv Eodfn0Vfkrohv sulflqj irupxod iru Hxurshdq fdoo rswlrqv1
Wkh frqfhswv ri duelwudjh sulflqj dqg ulvn0qhxwudo ydoxdwlrq duh dovr lqwur0
gxfhg1 Fkdswhu 6 jlyhv d pruh wkrurxjk wuhdwphqw ri Dvldq rswlrqv dqg lv wkh
irxqgdwlrq ri wkh uhpdlqlqj fkdswhuv1 Fkdswhu 7 uhylhzv wkh edvlfv ri Prqwh

yll



ylll SUHIDFH

Fduor vlpxodwlrq dqg L vwxg| wzr yduldqfh uhgxfwlrq phwkrgv/ qdpho| wkh
dqwlwkhwlf phwkrg dqg wkh frqwuro yduldwh phwkrg1 Wkh sulflqj dojrulwkp lq
^Wxuqexoo dqg Zdnhpdq/ 4<<4` lv wkh vxemhfw ri Fkdswhu 81 Wkh glvwulexwlrq
ri wkh dulwkphwlf dyhudjh lv dssur{lpdwhg zlwk d orjqrupdo glvwulexwlrq e|
phdqv ri d jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq1 Wklv lv d jhqhudol}dwlrq
ri wkh phwkrg lq ^Ohy|/ 4<<5`1 Lq Fkdswhu 9 L vwxg| wkh phwkrg vxjjhvwhg
e| ^Plohyvn| dqg Srvqhu/ 4<<;`/ zkr xvh wkh uhflsurfdo jdppd glvwulexwlrq
wr dssur{lpdwh wkh dyhudjh1 L dovr frpelqh wkh phwkrgv wuhdwhg vr idu wr
irup wzr qhz sulflqj phwkrgv1 Fkdswhu : suhvhqwv wkh sulflqj phwkrgv lq
^Yruvw/ 4<<5`/ zklfk fryhu erwk dulwkphwlf dqg jhrphwulf Dvldq rswlrqv1 Wkh
jhrphwulf rswlrq lv xvhg wr rewdlq erxqgv rq wkh sulfh ri wkh dulwkphwlf rs0
wlrq1 Lq Fkdswhu ; L orrn dw wkh orzhu erxqg ghyhorshg lq ^Fxuudq/ 4<<7` dqg
L vxjjhvw krz wr frpelqh wklv zlwk dq xsshu erxqg1 Wkh pdlq frqfoxvlrqv
ri wkh wkhvlv dsshdu iurp Fkdswhu <1

Krz wr uhdg wklv wkhvlv

Lq rughu wr jhw wkh ixoo ehqh�w iurp wkh wkhvlv d sulru nqrzohgjh ri pdwkh0
pdwlfv dqg suredelolw| wkhru| lv lpsolhg1 Uhdghuv douhdg| idploldu zlwk wkh
Eodfn0Vfkrohv prgho dqg duelwudjh sulflqj fdq vnls Fkdswhu 5 zlwkrxw orvv
ri frqwlqxlw|1 Iurp wlph wr wlph L uhihu wr sulfhv lq XV grooduv exw wkh frq0
foxvlrqv dsso| wr dq| fxuuhqf|1 Iru whfkqlfdo uhdvrqv frppd kdv ehhq xvhg
dv ghflpdo srlqw lq wkh �jxuhv/ L krsh wkh uhdghu zloo ehdu zlwk wklv vpdoo
lqfrqvlvwhqf|1 Vlqfh lw lv hdvlhu wr jhw d jrrg judvs ri pxowlsoh judskv zkhq
wkh| duh lq froru/ doo wkh �jxuhv duh dydlodeoh dw p| zhevlwh

� kwws=22zzz1oeq1gn2pdvwhu2

� kwws=22krph1lpi1dx1gn2oduveq2 +Pluuru vlwh,

H{fho zrunerrnv/ Ylvxdo Edvlf frgh dqg wklv wkhvlv lq Dgreh Sruwdeoh Grf0
xphqw Irupdw +SGI, duh dovr rshq wr wkh sxeolf1

Dfnqrzohgjphqwv

L zrxog olnh wr wkdqn p| dgylvru Mûujhq Ddvh Qlhovhq iru khosixo vxjjhv0
wlrqv uhjduglqj wkh fkrlfh ri sulflqj phwkrgv1 Doodq Pruwhqvhq dqg Plnnho
Vyhqvwuxs frqwulexwhg e| glvfxvvlqj vshfl�f lvvxhv zlwk ph iru zklfk L dp
judwhixo1 L dovr rzh p| wkdqnv wr p| idplo| dqg p| iulhqgv iru wkhlu hqfrxu0
djhphqw wkurxjkrxw wkh surfhvv1 Ilqdoo|/ L dp lqghewhg wr wkh zrpdq lq p|
olih/ Lehq Ghoiv Vûuhqvhq/ iru khu oryh dqg vxssruw1



Fkdswhu 4

Lqwurgxfwlrq

Dvldq rswlrqv duh zulwwhq rq wkh dyhudjh ri wkh xqghuo|lqj dvvhw ryhu d suh0
vshfl�hg shulrg1 Frqvhtxhqwo|/ wkh| duh dovr nqrzq dv dyhudjh udwh ru dyhu0
djh sulfh rswlrqv1 Wkh| zhuh lqwurgxfhg lq wkh rlo pdunhw lq wkh odwh 4<:3v
dqg duh qrz wudghg lq wkh ryhu0wkh0frxqwhu +RWF, pdunhwv doo ryhu wkh zruog1
Dvldq rswlrqv duh sdwk0ghshqghqw gxh wr wkh dyhudjlqj dqg wkh| duh riwhq
fodvvl�hg dv h{rwlf rswlrqv hyhq wkrxjk wkh qhz jhqhudwlrq ri h{rwlf rswlrqv
lv vwuxfwxudoo| pruh frpsolfdwhg1

Frpsduhg wr vwdqgdug Hxurshdq rswlrqv/ Dvldq rswlrqv kdyh vrph re0
ylrxv dgydqwdjhv1 Iluvw ri doo/ wkh| duh riwhq fkhdshu dqg ehwwhu vxlwhg iru
khgjlqj sxusrvhv1 Lw lv qrw xqxvxdo iru h{sruwlqj frpsdqlhv wr uhfhlyh fdvk0
 rzv lq iruhljq h{fkdqjh rq d uhjxodu edvlv1 Ex|lqj Dvldq sxw rswlrqv rq
wkh h{fkdqjh udwh lv d zd| wr hqvxuh wkdw wkh frpsdq| uhdol}hv dw ohdvw wkh
dyhudjh h{fkdqjh udwh ryhu wkh shulrg lq txhvwlrq1 Vhfrqgo|/ Dvldq rswlrqv
uhgxfh wkh ulvn ri sulfh pdqlsxodwlrq qhdu wkh pdwxulw| gdwh/ zkhq wkh xq0
ghuo|lqj lv d wklqo| wudghg dvvhw ru frpprglw|1 Dvldq rswlrqv duh dovr vhhq
lq frpelqdwlrq zlwk frusrudwh erqgv/ zklfk doorzv wkh lvvxlqj frpsdq| wr
vkduh sur�wv/ li dq|/ zlwk lwv erqgkroghuv1 Iru wklv wr pdnh vhqvh/ wkh sur�w
ri wkh frpsdq| vkrxog ri frxuvh ghshqg rq wkh xqghuo|lqj dvvhw ri wkh rswlrq1

Wkh grzqvlgh lv wkdw Dvldq rswlrqv duh kdug wr sulfh1 Li wkh xqghuo|lqj
dvvhw lv dvvxphg wr kdyh d orjqrupdo glvwulexwlrq dv lq wkh Eodfn0Vfkrohv
prgho +vhh Fkdswhu 5,/ wkhq wkh dulwkphwlf dyhudjh grhv qrw kdyh d nqrzq
glvwulexwlrq/ vlqfh wkh dyhudjh lv d vxp ri fruuhodwhg orjqrupdo udqgrp ydul0
deohv1 Wklv frpsolfdwhv wkh txhvw ri d forvhg0irup sulflqj h{suhvvlrq iru
Dvldq rswlrqv vlplodu wr wkh idprxv Eodfn0Vfkrohv sulflqj irupxod iru Hxur0
shdq rswlrqv1

Zh vkdoo wdnh d forvhu orrn dw wkh Dvldq rswlrq lq Fkdswhu 61
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5 FKDSWHU 41 LQWURGXFWLRQ

414 Sxusrvh ri wkh wkhvlv

Wkh sxusrvh ri wklv wkhvlv lv wr=

41 Ghulyh dqg lpsohphqw vhohfwhg phwkrgv iru sulflqj Dvldq rswlrqv1

51 Frpsduh wkh dffxudf| ri wkhvh phwkrgv xvlqj Prqwh Fduor vlpxodwlrq
dv |dugvwlfn1

Pruh vshfl�fdoo| lw lv p| lqwhqwlrq wr=

� Vwxg| wkh xvh ri Prqwh Fduor vlpxodwlrq lqfoxglqj yduldqfh uhgxfwlrq
phwkrgv lq wkh frqwh{w ri sulflqj Dvldq rswlrqv1

� Ghulyh wkh gl�huhqw sulflqj irupxodh dqg doo uhohydqw sdudphwhuv iurp
wkh Eodfn0Vfkrohv prgho1

� Lpsohphqw wkh phwkrgv lq Ylvxdo Edvlf iru H{fho dqg fdofxodwh rswlrq
sulfhv dqg erxqgv iru gl�huhqw ydoxhv ri nh| sdudphwhuv1

� Frpsduh wkh uhvxowv zlwk hvwlpdwhv rewdlqhg e| phdqv ri Prqwh Fduor
vlpxodwlrq wr dvvhvv wkh dffxudf| ri wkh phwkrgv1

� Pdnh d frpsdulvrq ri wkh vhohfwhg sulflqj phwkrgv zlwk uhvshfw wr
dffxudf| dqg frpsxwdwlrqdo dvshfwv1

Lq rughu wr idflolwdwh wkh lpsohphqwdwlrq L kdyh uhvwudlqhg wkh wdvn dv
iroorzv1 Wkh vwduwlqj srlqw lv d edvlf Eodfn0Vfkrohv prgho zlwk d orjqru0
pdo vwrfn sulfh/ d ghwhuplqlvwlf lqwhuhvw udwh dqg dq htxlydohqw pduwlqjdoh
phdvxuh1 Wkh dyhudjlqj shulrg lv wkh hqwluh olihwlph ri wkh rswlrq dqg wkh
sulflqj wdnhv sodfh dw wkh lqlwldo wlph1 L rqo| sulfh fdoo rswlrqv vlqfh wkh
sulfh ri wkh fruuhvsrqglqj sxw rswlrq fdq eh rewdlqhg iurp sxw0fdoo sdulw|
+vhh h1j1 ^Erxd}l} hw do1/ 4<<7` ru ^Yruvw/ 4<<5`,1 Pruhryhu/ doo rswlrqv duh
ri Hxurshdq w|sh zlwk d �{hg vwulnh dqg wkh dyhudjh lv qrq0zhljkwhg/ zklfk
uxoh rxw suhpdwxuh uhghpswlrq dv zhoo dv  h{leoh dqg  rdwlqj vwulnh Dvldq
rswlrqv1

L kdyh vhohfwhg wkh sulflqj phwkrgv edvhg rq wkhlu wkhruhwlfdo dsshdo/ h{0
shfwhg dffxudf| dqg sudfwlfdelolw|1 Lw zdv dq lqyduldeoh ghpdqg wkdw L zdv
deoh wr gr doo wkh surjudpplqj p|vhoi dqg wkdw wkh dprxqw ri wlph vshqw rq
wkh surjudpplqj frpsduhg idyrudeo| zlwk wkh ehqh�w1 L kdyh h{foxghg �qlwh
gl�huhqfh phwkrgv dprqj rwkhuv/ ehfdxvh ri wkh wlph frqvxpswlrq lqyroyhg/
qrw ehfdxvh ri wkhlu odfn ri uhohydqfh1 Uhfrpphqgdeoh sduwldo gl�huhqwldo
htxdwlrq +SGH, uhihuhqfhv lq wklv frqwh{w duh ^Ghz|qqh dqg Zloprww/ 4<<8d`/
^Ghz|qqh dqg Zloprww/ 4<<8e` dqg ^Urjhuv dqg Vkl/ 4<<8`1



Fkdswhu 5

Suholplqdulhv

Ohw xv vwduw r� e| wdnlqj d orrn dw wkh idprxv Eodfn0Vfkrohv prgho dqg
vhh krz wr sulfh d Hxurshdq fdoo rswlrq1 Wklv dssurdfk r�huv d jrrg ghdo
ri lqwxlwlrq/ zklfk zloo frph lq kdqg| odwhu zkhq zh lqwurgxfh wkh pruh
frpsolfdwhg Dvldq rswlrq1

514 Rswlrqv

D Hxurshdq rswlrq lv dq dvvhw wkdw jlyhv wkh kroghu wkh uljkw +exw qrw wkh
reoljdwlrq, wr ex| ru vhoo dq xqghuo|lqj dvvhw +h1j1 d vwrfn, dw d suhghwhuplqhg
gdwh/ fdoohg wkh pdwxulw| gdwh ru wkh h{sludwlrq gdwh1 Wkh whup fdoo rswlrq
lv xvhg wr lqglfdwh d uljkw wr ex|/ zkloh sxw rswlrq lqglfdwhv d uljkw wr vhoo1
Wkh vwulnh sulfh ru wkh h{huflvh sulfh lv wkh sulfh dw zklfk |rx ex| ru vhoo wkh
xqghuo|lqj dvvhw dw pdwxulw|1 Wkxv/ d Hxurshdq rswlrq lv fkdudfwhul}hg e|
lwv vwulnh sulfh/ pdwxulw| gdwh/ xqghuo|lqj dvvhw dqg zkhwkhu lw lv d fdoo ru d
sxw rswlrq1

Lq frqwudvw/ Dphulfdq rswlrqv fdq eh h{huflvhg dw pruh wkdq rqh gdwh/
vrphwlphv hyhq frqwlqxrxvo| wkurxjkrxw wkh olih ri wkh rswlrq1 Dv zh vkdoo
vhh odwhu/ Dvldq rswlrqv duh rswlrqv zkhuh wkh h{huflvh sulfh ru wkh vwrfn sulfh
dw pdwxulw| lv uhsodfhg e| dq dyhudjh ri wkh vwrfn sulfhv1

515 Eodfn0Vfkrohv prgho

Ohw wkh sulfh ri d vwrfn 7| iroorz wkh vwrfkdvwlf surfhvv

_7| ' >7|_|n j7|_`| +514,

6
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zkhuh > dqg j duh frqvwdqwv dqg ` lv d vwdqgdug Eurzqldq prwlrq1
Olnhzlvh/ wkhuh lv d ulvnohvv erqg zlwk sulfh surfhvv

_�| ' o�|_| +515,

zkhuh o lv d frqvwdqw1

Dvvxpswlrqv

� Wkhuh duh qr wudqvdfwlrq frvwv ru wd{hv1

� Vkruw vhoolqj lq xqolplwhg dprxqwv lv doorzhg1

� Doo dvvhwv duh glylvleoh/ l1h1 |rx fdq ex| ru vhoo dq| iudfwlrq ri wkh
dvvhwv1

� Wkh vwrfn sd|v qr glylghqgv1

� Wkhuh duh qr duelwudjh rssruwxqlwlhv1

� Wudglqj wdnhv sodfh frqwlqxrxvo|1

� Wkh ulvnohvv lqwhuhvw udwh o lv frqvwdqw dqg lghqwlfdo iru doo pdwxulwlhv1

Wkh Eodfn0Vfkrohv prgho lv riwhq fdoohg �orjqrupdo�/ ehfdxvh wkh vwrfn
sulfh surfhvv lv d Jhrphwulf Eurzqldq Prwlrq zklfk lpsolhv wkdw 7| kdv d
orjqrupdo glvwulexwlrq +l1h1 *?7| kdv d qrupdo glvwulexwlrq,1 Wkh sdudphwhuv
> dqg j fdq eh lqwhusuhwhg dv wkh �lqvwdqwdqhrxv� h{shfwhg udwh ri uhwxuq
dqg wkh �lqvwdqwdqhrxv� vwdqgdug ghyldwlrq ri wkh udwh ri uhwxuq1 Zh vkdoo
uhihu wr > dv wkh guliw dqg wr j dv wkh yrodwlolw|1

51514 Eodfn0Vfkrohv rswlrq sulflqj irupxod

Lq wkhlu qrz zruog idprxv duwlfoh ^Eodfn dqg Vfkrohv/ 4<:6`/ Ilvfkhu Eodfn
dqg P|urq Vfkrohv jdyh wkh iroorzlqj sulflqj irupxod iru d Hxurshdq fdoo
rswlrq1

Wkhruhp 4 Wkh sulfh �E7|c |� dw wlph | ri d Hxurshdq fdoo rswlrq rq d vwrfn
7| zlwk h{huflvh sulfh g dqg pdwxulw| gdwh A lv jlyhq e|

�E7|c |� ' 7|xE_���ge3oEA3|�xE_2� +516,
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zkhuh

_� '
*? 7|

g
n Eo n �

2
j2�EA � |�

j
s
A � |

+517,

dqg

_2 ' _� � j
s
A � | +518,

x lv wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq1 j lv wkh yrodwlolw| ri wkh vwrfn
dqg o lv wkh ulvnohvv lqwhuhvw udwh dv gh�qhg lq wkh Eodfn0Vfkrohv prgho deryh1

Surri1 Vhh ^Eodfn dqg Vfkrohv/ 4<:6`

516 Duelwudjh sulflqj

51614 Ixqgdphqwdo SGH

Wkh rswlrq sulflqj irupxod +516, lv uhdoo| wkh vroxwlrq wr d ixqgdphqwdo sdu0
wldo gl�huhqwldo htxdwlrq +SGH, iru sulflqj ghulydwlyhv1 Wklv SGH lv ghgxfhg
xvlqj d whfkqltxh fdoohg duelwudjh sulflqj1 Wkh edvlf lghd lv wr uhsolfdwh wkh
ghulydwlyh |rx zdqw wr sulfh e| wudglqj frqwlqxrxvo| lq wkh vwrfn dqg erqg1
Lq wkh devhqfh ri duelwudjh/ wkh sulfh ri wkh ghulydwlyh pxvw eh wkh vdph dv
wkh sulfh ri wkh sruwirolr ri vwrfn dqg erqg1

Wkhruhp 5 Wkh fdoo rswlrq sulfh �E7|c |� vdwlv�hv wkh SGH

�o�E%c |� n �|E%c |� n o%�%E%c |� n
�

2
j2%2�%%E%c |� ' fc

% 5ofc4dc | 5 dfc A d +519,

zlwk erxqgdu| frqglwlrq

SE%c A � ' E%�g�nc % 5ofc4d +51:,

�% dqg �| duh wkh �uvw rughu ghulydwlyhv zlwk uhvshfw wr wkh �uvw dqg vhfrqg
dujxphqwv/ zkloh �%% lv wkh vhfrqg rughu ghulydwlyh zlwk uhvshfw wr wkh �uvw
dujxphqw1

Surri1 Vhh Fkdswhu 9 lq ^Gx!h/ 4<<9`1
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51615 Ulvn0qhxwudo ydoxdwlrq

Wkh Eodfn0Vfkrohv irupxod +516, fdq dovr eh ghulyhg xvlqj ulvn0qhxwudo ydo0
xdwlrq1 Hyhq wkrxjk prvw lqyhvwruv duh ulvn0dyhuvh/ zh fdq sulfh ghulyd0
wlyhv dv li doo lqyhvwruv zhuh ulvn0qhxwudo1 Lq wkhlu errn Ilqdqfldo Fdofxoxv
^Ed{whu dqg Uhqqlh/ 4<<9`/ Pduwlq Ed{whu dqg Dqguhz Uhqqlh jlyh d eulo0
oldqw h{srvlwlrq ri ulvn0qhxwudo ydoxdwlrq/ lqfoxglqj Lwr*v ohppd/ htxlydohqw
pduwlqjdoh phdvxuhv/ Wkh Pduwlqjdoh uhsuhvhqwdwlrq wkhruhp dqg Jluvdqry*v
wkhruhp1 Fkdswhu 6 ri wkh errn lv d pxvw0uhdg iru qrylfhv lq wkh duhd ri frq0
wlqxrxv wlph �qdqfh1

Wkhruhp 6 Wkh fdoo rswlrq sulfh �E7|c |� lv jlyhq e|

�E7|c |� ' e3oEA3|�.'dE7A �g�no +51;,

zkhuh ' lv wkh htxlydohqw pduwlqjdoh phdvxuh iru wkh glvfrxqwhg vwrfn 7|*�|

dqg .' lv h{shfwdwlrq xqghu wklv phdvxuh1

Surri1 Vhh Fkdswhu 6 lq ^Ed{whu dqg Uhqqlh/ 4<<9`1



Fkdswhu 6

Dvldq rswlrqv

Dvldq rswlrqv duh rswlrqv zkrvh sd|r� ghshqgv rq vrph nlqg ri dyhudjh ri
wkh xqghuo|lqj dvvhw1 Vwrfn sulfhv/ vwrfn lqglfhv/ h{fkdqjh udwhv/ lqwhuhvw
udwhv dqg frpprglwlhv duh doo h{dpsohv ri xqghuo|lqj dvvhwv dvvrfldwhg zlwk
Dvldq rswlrqv wudghg lq wkh ryhu0wkh0frxqwhu pdunhw1 Iru sxuho| h{srvlwlrqdo
uhdvrqv zh dvvxph wkdw wkh xqghuo|lqj lv d glylghqg0sd|lqj vwrfn1 Wkh dy0
hudjh fdq eh vshfl�hg lq d qxpehu ri zd|v dqg ryhu ydulrxv wlph shulrgv/
zklfk jlyhv ulvh wr pdq| gl�huhqw rswlrqv zlwklq wkh Dvldq fodvv1

614 Pdunhw prgho

Lq wkh uhvw ri wklv wkhvlv zh vkdoo xvh wkh Eodfn0Vfkrohv prgho ri Fkdswhu 5
dqg wkh xqghuo|lqj dvvxpswlrqv zlwk d vlqjoh h{fhswlrq1 Zh dvvxph wkdw
wkh vwrfn sd|v d frqwlqxrxv glylghqg udwh ^/ vr wkh pdunhw frqvlvwv ri d
ulvn| vwrfn 7 dqg d ulvnohvv erqg �/ zkrvh sulfhv duh jlyhq e| wkh vwrfkdvwlf
gl�huhqwldo htxdwlrqv

_7| ' Eo � ^�7|_|n j7|_`| +614,

_�| ' o�|_| +615,

o lv wkh ulvnohvv lqwhuhvw udwh/ ^ lv wkh vwrfn glylghqg/ j lv wkh yrodwlolw| ri
wkh vwrfn sulfh dqg `| lv d vwdqgdug Eurzqldq Prwlrq xqghu dq htxlydohqw
pduwlqjdoh phdvxuh '1 Iurp qrz rq doo h{shfwdwlrqv duh zlwk uhvshfw wr '1
Dffruglqj wr ^Ndudw}dv dqg Vkuhyh/ 4<<4` wkh vroxwlrqv wr +614, dqg +615, duh

7| ' 7f i TEEo � ^ � �

2
j2�|n j`|� +616,

�| ' �f i TEo|� +617,

Iurp +616, zh vhh wkdw wkh vwrfn sulfh lv orjqrupdoo| glvwulexwhg1

:
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615 Sulflqj

61514 Dyhudjhv

Dv phqwlrqhg deryh/ wkhuh duh pdq| zd|v wr vshfli| wkh dyhudjh ri wkh vwrfn
sulfhv1 Vrph h{dpsohv duh=
Glvfuhwh/ dulwkphwlf dyhudjh

� '
�

?

?[
�'�

7|� +618,

Glvfuhwh/ jhrphwulf dyhudjh

C ' E

?\
�'�

7|��
�

? +619,

Frqwlqxrxv/ dulwkphwlf dyhudjh

� '
�

A � |

] A

|

7�_� +61:,

Frqwlqxrxv/ jhrphwulf dyhudjh

C ' i TE
�

A � |

] A

|

*?7�_�� +61;,

Lq wkh glvfuhwh dyhudjhv wkhuh duh ? sulfhv phdvxuhg dw wkh wlph srlqwv

f � |� 	 |2 	 ��� 	 |? � A +61<,

Xvxdoo|/ wkhvh wlph srlqwv duh htxlglvwdqw/ h1j1 zhhno| dyhudjlqj ryhu 4 |hdu1
Li wkh dyhudjh rqo| frqvlvwv ri rqh sulfh dw wlph A / wkhq zh kdyh wkh Hxur0
shdq rswlrq zklfk lv d vshfldo fdvh ri wkh Dvldq rswlrq lq wklv uhvshfw1 Wkh
dyhudjlqj shulrg fdq eh wkh hqwluh olihwlph ri wkh rswlrq ru vrph vxevhw ri lw1
Lq wkh odwwhu fdvh/ wkh rswlrq lv fdoohg iruzdug0vwduwlqj1

Lw lv dovr srvvleoh wr xvh d zhljkwhg dyhudjh lq zklfk fdvh wkh Dvldq
rswlrq lv uhihuuhg wr dv  h{leoh1 Zh vkdoo sulpdulo| orrn dw wkh qrq0zhljkwhg/
glvfuhwh/ dulwkphwlf dyhudjh/ exw wkh jhrphwulf dyhudjh sod|v dq lpsruwdqw
uroh lq vrph ri wkh sulflqj phwkrgv1 Vlqfh doo wudghg Dvldq rswlrqv duh edvhg
rq glvfuhwh dyhudjhv/ wkh frqwlqxrxv yhuvlrqv duh rqo| uhohydqw lq wkhruhwlfdo
frqwh{wv1



6151 SULFLQJ <

61515 Ulvn0qhxwudo ydoxdwlrq

Rqo| fdoo rswlrqv duh frqvlghuhg/ vr lw lv lpsolflw lq wkh uhvw ri wklv wkhvlv
wkdw dq rswlrq lv d fdoo rswlrq1 Wkh sd|r� ri d �{hg vwulnh Dvldq rswlrq
zlwk pdwxulw| gdwh A dqg vwulnh sulfh g lv wkh pd{lpxp ri }hur dqg wkh
gl�huhqfh ehwzhhq wkh dyhudjh � dqg wkh vwulnh sulfh

4@ E��gc f� +6143,

Xvlqj ulvn0qhxwudo ydoxdwlrq/ wkh duelwudjh0iuhh lqlwldo sulfh ri wkh rswlrq lv

� ' i TE�oA �.dE��g�no +6144,

zkhuh wkh h{shfwdwlrq lv zlwk uhvshfw wr wkh htxlydohqw pduwlqjdoh phdvxuh'
dv phqwlrqhg deryh1 Lq frqwudvw/ wkh  rdwlqj vwulnh Dvldq rswlrq kdv sd|r�

4@ E7A ��c f� +6145,

vr wkh lqlwldo sulfh lv

� ' i TE�oA �.dE7A ���no +6146,

Zh vkdoo qrw glvfxvv wkh  rdwlqj vwulnh rswlrq dq| ixuwkhu1
Wkh sulfh lq +6144, lv qrw vwudljkwiruzdug wr fdofxodwh/ vlqfh wkh glvwulex0

wlrq ri wkh glvfuhwh dulwkphwlf dyhudjh lv xqnqrzq1 Hdfk ri wkh vwrfn sulfhv
kdv d orjqrupdo glvwulexwlrq/ exw xqiruwxqdwho| wkh vxp ri fruuhodwhg orjqru0
pdo udqgrp yduldeohv lv qrw orjqrupdoo| glvwulexwhg1 Wkxv/ uhvhdufkhuv kdyh
ghyhorshg d qxpehu ri gl�huhqw qxphulfdo phwkrgv wr rewdlq wkh sulfh1 Wkhvh
lqfoxgh/ exw duh qrw olplwhg wr/ Prqwh Fduor vlpxodwlrq/ dssur{lpdwlrqv ri
wkh glvwulexwlrq ri wkh dulwkphwlf dyhudjh/ prgl�fdwlrqv wr wkh jhrphwulf
dyhudjh dqg frqglwlrqlqj rq lw/ elqrpldo phwkrgv/ qxphulfdo vroxwlrqv wr
sduwldo gl�huhqwldo htxdwlrqv/ Irxulhu wudqvirupdwlrq whfkqltxhv dqg lqyhu0
vlrq ri qrq0wulyldo Odsodfh wudqvirupv1 Zh vkdoo vwxg| vrph ri wkhvh sulflqj
phwkrgv lq wkh iroorzlqj fkdswhuv1
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Fkdswhu 7

Prqwh Fduor vlpxodwlrq

Prqwh Fduor vlpxodwlrq +PFV, lv edvlfdoo| d phwkrg iru hydoxdwlqj lqwh0
judov1 Riwhq/ PFV lv qhlwkhu wkh ehvw qru wkh idvwhvw zd| wr vroyh d jlyhq
sureohp/ exw lw lv hdv| wr lpsohphqw dqg lw lv dssolfdeoh wr d zlgh udqjh
ri sureohpv1 Lq rxu frqwh{w/ wkh lqsxw iru wkh vlpxodwlrq dojrulwkp lv d vhw
ri udqgrp qxpehuv1 Wkh olwhudwxuh rq udqgrp qxpehuv dqg udqgrp qxp0
ehu jhqhudwruv +UQJ, lv odujh +vhh iru lqvwdqfh ^Jodvvhupdq/ 4<<;`,/ dqg zh
vkdoo rqo| qrwh wkdw dq lghdo UQJ surgxfhv d vhtxhqfh ri lqghshqghqw/ lghq0
wlfdoo| glvwulexwhg +llg1, qxpehuv ��c �2c ��� Lq prvw dssolfdwlrqv/ wkh xqlirup
glvwulexwlrq rq dfc �o lv xvhg1

714 Vwdqgdug Prqwh Fduor

71414 Olqhdu frqjuxhqwldo jhqhudwru

Vlqfh wuxh UQJv duh gl!fxow wr �qg/ d qxpehu ri ghwhuplqlvwlf dojrulwkpv
kdyh ehhq ghyhorshg/ vr0fdoohg svhxgr0udqgrp qxpehu jhqhudwruv1 Zh vkdoo
xvh d olqhdu frqjuxhqwldo jhqhudwru ri wkh irup

%? ' E@%?3� n K�4L_ Sc ? ' �c 2c ��� +714,

�? '
%?
S
c ? ' �c 2c ��� +715,

zkhuh wkh vhhg %f lv fkrvhq e| wkh xvhu dqg 4L_ lv wkh prgxor ixqfwlrq1
Wkh �?*v duh lqghshqghqw dqg LEfc �� glvwulexwhg1 Fkrrvlqj jrrg ydoxhv iru
wkh sdudphwhuv @c K dqg S fdq kdyh d vxevwdqwldo h�hfw rq wkh rxwfrph ri wkh
vlpxodwlrq1 ^Suhvv hw do1/ 4<<5` uhfrpphqgv

@ ' .Dc K ' fc S ' 2�� � � +716,

44
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S vkrxog eh odujh vlqfh wkh dojrulwkp fdq surgxfh qr pruh wkdq S gl�huhqw
qxpehuv1 D elj dgydqwdjh ri wklv dojrulwkp lv wkdw xvlqj wkh vdph vhhg
%f ohdgv wr h{dfwo| wkh vdph qxpehuv1 Wklv pdnhv lw xvhixo iru frpsdulqj
uhvxowv dfurvv gl�huhqw phwkrgv zlwkrxw vwrulqj wkh qxpehuv1

71415 Lqyhuvh glvwulexwlrq ixqfwlrq phwkrg

Zh kdyh wr gudz vdpsohv iurp wkh +orj,qrupdo glvwulexwlrq wr vlpxodwh wkh
vwrfn sulfhv1 Vlqfh rxu udqgrp qxpehuv duh xqlirupo| glvwulexwhg zh kdyh
wr vrphkrz wudqvirup wkhp lqwr wkh qrupdo glvwulexwlrq1 D yhu| jhqhudo
phwkrg iru wklv sxusrvh lv wkh lqyhuvh glvwulexwlrq ixqfwlrq phwkrg1 Lw sdluv
hdfk ri wkh LEfc �� qxpehuv zlwk wkh fruuhvsrqglqj iudfwloh iru wkh �Efc ��
glvwulexwlrq1 H1j1 318 lv wudqviruphg lqwr 3 vlqfh

x3�Ef�D� ' f +717,

dqg 31<:8 lv wudqviruphg lqwr 41<9 vlqfh

x3�Ef�b.D� � ��bS +718,

x3� lv wkh lqyhuvh ri wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq x

x3�E%� ' i+ m xE+� ' %j +719,

Wkh qxpehu x3�E%� lv fdoohg wkh %0iudfwloh ri wkh vwdqgdug qrupdo glvwulex0
wlrq1

Fodlp 7 Wkh qxpehuv wudqviruphg e| wkh lqyhuvh glvwulexwlrq ixqfwlrq phwkrg
duh vwdqgdug qrupdoo| glvwulexwhg1

Surri1 Ohw L � LEfc ��1 Wkhq x3�EL� � �Efc �� vlqfh

� Ex3�EL� � %� ' � ExEx3�EL�� � xE%�� ' � EL � xE%�� ' xE%�

Wkh ixqfwlrq x3� fdq eh dssur{lpdwhg yhu| forvho| zlwk d udwlrqdo ixqf0
wlrq zklfk lv frqyhqlhqw iru surjudpplqj1 Dowhuqdwlyho|/ pdq| frpsxwhu
vriwzduh sdfndjhv lqfoxgh wrrov iru fdofxodwlqj wkhvh ydoxhv1
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71416 Er{0Pxoohu phwkrg

Er{ dqg Pxoohu kdyh sursrvhg d idvwhu phwkrg +vhh ^Mrkqvrq hw do1/ 4<<7`,
zklfk kdv ehhq xvhg lq rxu fdofxodwlrqv1 Ohw L� dqg L2 eh lqghshqghqw dqg
xqlirupo| glvwulexwhg ryhu dfc �o1 Wkhq

f� '
s
�2 *?L� ULtE2ZL2� +71:,

f2 '
s
�2 *?L� t�?E2ZL2� +71;,

duh lqghshqghqw dqg vwdqgdug qrupdoo| glvwulexwhg1
Wr vxp xs/ rxu surfhgxuh vr idu lv wr jhqhudwh dq llg1 vhtxhqfh ri LEfc ��

qxpehuv xvlqj wkh olqhdu frqjuxhqwldo jhqhudwru/ dqg wkhq wudqvirup wkh
qxpehuv sdluzlvh wr wkh �Efc �� glvwulexwlrq xvlqj wkh Er{0Pxoohu phwkrg1

71417 Vdpsolqj

Qrz/ zh duh uhdg| wr vdpsoh$ Zh nqrz wkdw wkh vroxwlrq wr

_7| ' Eo � ^�7|_|n j7|_`| +71<,

lv

7| ' 7f i TEEo � ^ � �

2
j2�|n j`|� +7143,

dqg wkdw

`| � �Efc |� +7144,

vr

*?
7|
7f

� �EEo � ^ � �

2
j2�|c j2|� +7145,

Vdpsohv 7
E��
| iurp wkh glvwulexwlrq ri 7| duh wkhq rewdlqhg e| vhwwlqj

7
E��
| ' 7f i TEEo � ^ � �

2
j2�|n j

s
|~��c � ' �c 2c ���c ? +7146,

zkhuh ~� � �Efc ��c � ' �c 2c ���c ?c �?_eRe?_e?|�
Li zh qhhg wr vdpsoh dw gl�huhqw wlph srlqwv/ l1h1 d sdwk/ zh fdq dgydqfh wkh
vroxwlrq dv iroorzv

7
E��
|�

' 7
E��
|�3�

i TEEo � ^ � �

2
j2�E|� � |�3�� n j

s
|� � |�3�~

�c��c

� ' �c 2c ���c6c � ' �c 2c ���c ? +7147,

zkhuh f 	 |� 	 |2 	 ��� 	 |6 ' A 1 Wkhvh vdpsohv duh h{dfw/ l1h1 wkhuh lv qr
dssur{lpdwlrq huuru1
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71418 Vlpxodwlrq

Wkh vwurqj odz ri odujh qxpehuv +vhh ^Kr�pdqq0Mûujhqvhq/ 4<<7d`, vwdwhv
wkdw

	7| '
�

?

?[
�'�

7
E��
| �$ .d7|o @�r� +7148,

Wklv lv uhdoo| wkh khduw ri Prqwh Fduor vlpxodwlrq1 Zh dssur{lpdwh wkh
h{shfwdwlrq ri vrph udqgrp yduldeoh e| vdpsolqj iurp lwv glvwulexwlrq dqg
wkhq dyhudjlqj dfurvv uhsolfdwlrqv +vdpsohv,1 	7| dv gh�qhg deryh lv wkh Prqwh
Fduor hvwlpdwru ri .d7|o1 Lq wklv vlpsoh fdvh/ wkhuh lv qr qhhg iru PFV vlqfh
zh douhdg| nqrz wkh phdq ri 7|1 Zh gr qhhg PFV lq wkh pruh jhqhudo fdvh
zkhuh zh zdqw wr hydoxdwh .dsE7|�o iru vrph ixqfwlrq s zlwk wkh glvwulexwlrq
ri sE7|� xqnqrzq1

Ohw f ' E7|�c 7|2c ���c 7|6�1 Zh zrxog olnh wr hydoxdwh .dsEf�o e| Prqwh
Fduor vlpxodwlrq iru vrph frqwlqxrxv ixqfwlrq s G U6 $ U1 Ohw t ' sEf�
dqg ohw t E�� eh wkh vlpxodwhg ydoxhv ri t rewdlqhg e| vdpsolqj iurp wkh
glvwulexwlrqv ri 7|�

t E�� ' sE7
E��
|� c 7

E��
|2 c ���c 7

E��
|6�c � ' �c 2c ���c ? +7149,

Wkh Prqwh Fduor hvwlpdwru ri .dt o lv

	t '
�

?

?[
�'�

t E�� +714:,

zklfk/ e| wkh vwurqj odz ri odujh qxpehuv/ lv frqyhujlqj wr wkh fruuhfw phdq
ydoxh

	t $ .dt o @�r� @r ?$4 +714;,

Lq rwkhu zrugv/ wkh hvwlpdwru lv xqeldvhg1 Pruhryhu/ wkh yduldqfh ri wkh
hvwlpdwru lv

T @oE 	t � ' T @oE
�

?

?[
�'�

t E��� '
�

?2
T @oE

?[
�'�

t E��� '
T @oEt �

?
+714<,

Wkhvh duh wzr fkdudfwhulvwlfv ri d jrrg hvwlpdwru 0 frqyhujhqfh wrzdugv wkh
fruuhfw phdq dqg d yduldqfh zklfk ghfuhdvhv dv zh xvh pruh vdpsohv1

Qrz wkdw zh kdyh jrw dq hvwlpdwhg sulfh/ d qdwxudo txhvwlrq zrxog eh=
�Krz dffxudwh lv lwB�1 Zh zrxog olnh wr fdofxodwh d sulfh lqwhuydo zklfk
frqwdlqv wkh wuxh sulfh zlwk dq dffhswdeoh ghjuhh ri fhuwdlqw|1 Wkh vwdwlvwlfdo
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frqfhswv ri vljql�fdqfh ohyho dqg frq�ghqfh lqwhuydo fdq khos xv khuh1 Wkh
vljql�fdqfh ohyho k lv wkh erughuolqh suredelolw|/ zklfk vhsdudwhv hyhqwv wkdw
duh vljql�fdqw dqg qrq0vljql�fdqw1 Wkh lpsolflw dvvxpswlrq lv wkdw hyhqwv
zlwk suredelolw| ohvv wkdq k gr qrw rffxu/ l1h1 wkh| duh qrw vljql�fdqw1 Lq
wklv wkhvlv/ zh dozd|v xvh k ' DI1
D E� � k� frq�ghqfh lqwhuydo lv vlpso| dq lqwhuydo zklfk frqwdlqv wkh wuxh
ydoxh ehklqg wkh hvwlpdwlrq zlwk suredelolw| E� � k�1 E| wkh fhqwudo olplw
wkhruhp +vhh ^Kr�pdqq0Mûujhqvhq/ 4<<7d`,

	t � .dt o

jt *
s
?

$ �Efc �� �? _�r|o�K�|�J? +7153,

zkhuh jt lv wkh vwdqgdug ghyldwlrq ri t E��/ l1h1 j2t ' T @oEt E��� ' T @oEt �1
Vlqfh wkh vdpsoh yduldqfh r2t ri t E��c t E2�c ���c t E?�

r2t '
�

?� �

?[
�'�

Et E�� � 	t �2 +7154,

lv frqyhujlqj wr j2t / zh fdq uhsodfh jt zlwk rt

	t � .dt o

rt *
s
?

$ �Efc �� �? _�r|o�K�|�J? +7155,

Sursrvlwlrq 8 D E�� k� frq�ghqfh lqwhuydo iru .dt o lv

d 	t � 5�3k*2
rts
?
c 	t n 5�3k*2

rts
?
o +7156,

zkhuh 5k lv wkh k0iudfwloh ri wkh vwdqgdug qrupdo glvwulexwlrq1

Surri1 Iurp +7155, zh jhw

�� k ' � E5k*2 �
	t � .dt o

rt *
s
?

� 5�3k*2�

' � E5k*2
rts
?
� 	t � �.dt o � 5�3k*2

rts
?
� 	t �

' � E 	t � 5�3k*2
rts
?
� .dt o � 	t � 5k*2

rts
?
�

' � E 	t � 5�3k*2
rts
?
� .dt o � 	t n 5�3k*2

rts
?
�

Wkh odvw htxdwlrq iroorzv iurp wkh v|pphwu| ri wkh iudfwlohv 5�3k*2 ' �5k*21
Zh frqfoxgh wkdw wkh wuxh phdq ydoxh.dt o lv lq wkh deryh frq�ghqfh lqwhuydo
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zlwk suredelolw| � � k1 Wkh frq�ghqfh lqwhuydo lv dv|pswrwlfdoo| ydolg dv
?$4/ zklfk phdqv wkdw lw krogv iru odujh ydoxhv ri ?1

D <8( frq�ghqfh lqwhuydo lv wkhq

d 	t � ��bS
rts
?
c 	t n ��bS

rts
?
o +7157,

Zkhq uhsruwlqj hvwlpdwhv/ rqh riwhq lqfoxghv wkh vdpsoh vwdqgdug ghyldwlrq
ri wkh hvwlpdwru rt *

s
?1 Grxeolqj wklv dprxqw lv d idvw zd| wr irup wkh

lqwhuydo +7157, �phqwdoo|�/ vlqfh 2rt *
s
? lv dssur{lpdwho| wkh kdoizlgwk ri

wkh lqwhuydo1

71419 Phwkrg ryhuylhz

� Jhqhudwh xqlirup udqgrp qxpehuv1

� Wudqvirup wkh qxpehuv wr wkh vwdqgdug qrupdo glvwulexwlrq1

� Vdpsoh iurp wkh glvwulexwlrq ri wkh vwrfn sulfhv1

� Frpsxwh glvfrxqwhg Dvldq rswlrq sd|r�v1

� Rewdlq dq hvwlpdwh ri wkh rswlrq sulfh e| dyhudjlqj dfurvv uhsolfdwlrqv1

� Frpsxwh wkh vdpsoh vwdqgdug ghyldwlrq ri wkh hvwlpdwru dqg xvh lw wr
irup d frq�ghqfh lqwhuydo1

Zh zrxog olnh wr vkulqn wkh frq�ghqfh lqwhuydo dv pxfk dv srvvleoh1 Wklv
fdq eh grqh hlwkhu e| uhgxflqj wkh yduldqfh ru e| lqfuhdvlqj wkh qxpehu ri
sdwkv1 Wkh odwwhu lv yhu| h{shqvlyh lq whupv ri frpsxwhu surfhvvlqj wlph/ vr
zh kdyh wr orrn dw vrph yduldqfh uhgxfwlrq whfkqltxhv1

715 Yduldqfh uhgxfwlrq whfkqltxhv

71514 Dqwlwkhwlf phwkrg

Lq sudfwlfh/ rqh riwhq xvhv 43/333 ru 433/333 sdwkv wr vlpxodwh d sulfh1 Gh0
shqglqj rq wkh txdolw| ri wkh udqgrp qxpehuv/ wklv frxog ohdg wr uhvxowv
wkdw duh qrw vx!flhqwo| suhflvh1 Xqzdqwhg fruuhodwlrq ehwzhhq wkh udqgrp
qxpehuv fdq uhqghu wkh vlpxodwlrq rxwfrph wrwdoo| xvhohvv1 Iru lqvwdqfh/
rqh fdq lpdjlqh wkdw d vhw ri �edg� sdudphwhu ydoxhv iru wkh olqhdu frq0
juxhqwldo jhqhudwru zloo uhvxow lq hlwkhu odujhu ru vpdoohu qxpehuv wkdq h{0
shfwhg1 Zh frxog wu| wr vroyh wklv sureohp e| �edodqflqj� hdfk odujh qxp0
ehu zlwk d fruuhvsrqglqj vpdoo qxpehu1 Wklv lv wkh lqwxlwlrq ehklqg wkh
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dqwlwkhwlf phwkrg1 Rxu xqlirup qxpehuv L�c L2c ��� fdq eh pdwfkhg zlwk
��L�c ��L2c ��� zklfk duh dovr xqlirupo| glvwulexwhg ryhu dfc �o dqg lqghshq0
ghqw1 Iru hdfk sdwk zh vlpxodwh zlwk L�c L2c ���c L6/ zh jhqhudwh d vhfrqg
sdwk zlwk �� L�c �� L2c ���c �� L61

Irupdoo|/ ohw w� ' }EL�c L2c ���c L6� dqg hw� ' }E��L�c ��L2c ���c �� L6�
zkhuh } uhsuhvhqwv wkh vlpxodwlrq dojrulwkp1 Zh xvh ? sdluv ri llg1 dqwlwkhwlf
rxwfrphv Ew�chw�� � ' �c 2c ���c ? dqg d qdwxudo xqeldvhg hvwlpdwru lv

ew ' �

2?

?[
�'�

Ew� n hw�� +7158,

Fdofxodwlqj wkh vwdqgdug ghyldwlrq lv voljkwo| pruh gl!fxow wkdq xvxdo vlqfh
w� dqg hw� duh qrw lqghshqghqw1 Zh gh�qh wkh dyhudjh ri dq rxwfrph sdlu

w� '
w� n hw�

2
c � ' �c 2c ���c ? +7159,

dqg zh orrn dw ew dv wkh vdpsoh phdq ri wkh w�*v

ew ' �

?

?[
�'�

w� '
�

?

?[
�'�

w� n hw�
2

+715:,

lq dffrugdqfh zlwk +7158,1 Wkh vdpsoh vwdqgdug ghyldwlrq rw lv qrz rewdlqhg
iurp

r2w '
�

?� �

?[
�'�

Ew� � ew�2 +715;,

dqg dq dv|pswrwlfdoo| ydolg E�� k� frq�ghqfh lqwhuydo lv

dew � 5�3k*2
rws
?
c ew n 5�3k*2

rws
?
o +715<,

Dq reylrxv dowhuqdwlyh wr xvlqj dqwlwkhwlf yduldwhv lv vlpso| wr grxeoh wkh
qxpehu ri sdwkv lq d vwdqgdug Prqwh Fduor vlpxodwlrq1 Lq whupv ri frp0
sxwdwlrqdo wlph/ wkhvh duh pruh ru ohvv htxlydohqw vlqfh jhqhudwlqj udqgrp
qxpehuv lv pxfk idvwhu wkdq vdpsolqj +erwk phwkrgv uhtxluh 2?6 vdpsohv,1
Lq rughu wr vhh zklfk phwkrg lv ehwwhu/ zh frpsduh wkh yduldqfh ri wkh dqwl0
wkhwlf phwkrg

T @oEw�� ' T @oE
w� n hw�

2
�

'
�

e
T @oEw�� n

�

e
T @oEhw�� n �

2
�J�Ew�chw��

'
�

2
T @oEw�� n

�

2
�J�Ew�chw�� +7163,
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zlwk wkh yduldqfh ri d qrq0dqwlwkhwlf sdlu

T @oE
w� n w2

2
� '

�

e
T @oEw�� n

�

e
T @oEw2� n

�

2
�J�Ew�c w2�

'
�

2
T @oEw�� +7164,

Wkh frqfoxvlrq lv wkdw li �J�Ew�chw�� 	 f wkhq wkh dqwlwkhwlf phwkrg lv suh0
ihuuhg1 ^Jodvvhupdq/ 4<<;` suryhv wkdw d vx!flhqw frqglwlrq iru dqwlwkhwlf
yduldeohv wr uhgxfh yduldqfh lv wkdw wkh vlpxodwlrq rxwsxw lv prqrwrqh lq wkh
udqgrp qxpehuv1 Lq rxu fdvh/ wkh rswlrq sulfh lv lqfuhdvlqj lq wkh vwdqgdug
qrupdo udqgrp qxpehuv1 Kh dovr jlyhv d xvhixo wls zklfk dssolhv wr vdpsolqj
iurp wkh vwdqgdug qrupdo glvwulexwlrq1 Li

~ ' x3�EL�c L � LEfc �� +7165,

wkhq ~ � �Efc �� dv douhdg| vkrzq dqg gxh wr v|pphwu|

�~ ' x3�E�� L� +7166,

Wklv phdqv wkdw d vlpxodwlrq zlwk qrupdo udqgrp qxpehuv ~�c ~2c ���c ~6 fdq
eh h{sdqghg zlwk dqwlwkhwlf sdwkv rewdlqhg iurp �~�c�~2c ���c�~61 Wklv
lv dssolfdeoh hyhq li wkh ~�*v duh qrw jhqhudwhg iurp wkh L�*v e| wkh lqyhuvh
glvwulexwlrq ixqfwlrq phwkrg1

71515 Frqwuro yduldwhv

Zkhq pdnlqj frpsolfdwhg fdofxodwlrqv e| phdqv ri frpsxwhuv/ lw lv dozd|v
d jrrg lghd wr shuirup d fdofxodwlrq pdqxdoo| lq d vlpsoh vhwxs dqg frp0
sduh wkh uhvxow zlwk wkh rxwsxw iurp wkh surjudpplqj1 Wdnlqj wklv d vwhs
ixuwkhu lqvsluhv xv wr xvh vrph ri wkh lqirupdwlrq �klgghq� lq rxu fdofx0
odwlrqv vr idu wr lpsuryh rxu hvwlpdwhv1 Zh frxog/ iru lqvwdqfh/ sulfh d
vwdqgdug Hxurshdq fdoo rswlrq dorqj zlwk wkh Dvldq rswlrq dqg frpsduh wkh
rxwfrph zlwk wkh wkhruhwlfdo sulfh rewdlqhg iurp wkh Eodfn0Vfkrohv irupxod1
Li zh revhuyhg vljql�fdqw huuruv/ zh frxog fruuhfw wkh hvwlpdwhv zlwk wklv
qhz lqirupdwlrq1 Wklv lv edvlfdoo| wkh frqwuro yduldwhv dssurdfk wr uhgxflqj
yduldqfh dqg wkhuhe| lpsurylqj wkh vlpxodwlrq uhvxowv1

Pruh irupdoo|/ wkh frqwuro yduldwh lv d udqgrp yduldeoh zklfk ghshqgv rq
wkh vlpxodwlrq lqsxw dqg kdv d kljk ghjuhh ri fruuhodwlrq zlwk wkh yduldeoh
zh zdqw wr hvwlpdwh1 Pruhryhu/ zh pxvw eh deoh wr fdofxodwh wkh h{shfwdwlrq
ri wkh frqwuro yduldwh1
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Dv ehiruh/ ohw f ' E7|�c 7|2c ���c 7|6� dqg t ' sEf�1 Zh xvh wkh ixqfwlrq
� wr uhsuhvhqw wkh fdofxodwlrq ri wkh frqwuro yduldwh ` / vr

` ' �Ef� +7167,

Wkh vlpxodwhg ydoxhv ri ` duh

` E�� ' �E7
E��
|� c 7

E��
|2 c ���c 7

E��
|6�c � ' �c 2c ���c ? +7168,

Wkh qhz hvwlpdwru lv

	tS� '
�

?

?[
�'�

t E�� � E` E�� �.d` o�

'
�

?

?[
�'�

t E�� �` E�� n.d` o +7169,

Wkh vwurqj odz ri odujh qxpehuv whoov xv wkdw wkh hvwlpdwru lv xqeldvhg/ dqg
wkh fhqwudo olplw wkhruhp jlyhv xv d E�� k� frq�ghqfh lqwhuydo

d 	tS� � 5�3k*2
rS�s
?
c 	tS� n 5�3k*2

rS�s
?
o +716:,

zkhuh rS� lv wkh vdpsoh vwdqgdug ghyldwlrq rewdlqhg iurp

r2S� '
�

?� �

?[
�'�

EEt E�� �` E�� n.d` o�� 	tS��
2 +716;,

Wkh phwkrg fdq eh ixuwkhu lpsuryhg e| xvlqj wkh hvwlpdwru

	tS�� '
�

?

?[
�'�

t E�� � qE` E�� �.d` o� +716<,

iru vrph q1 Wkh ghwdlov fdq eh irxqg lq ^Jodvvhupdq/ 4<<;`1 Wkh grzqvlgh
lv wkdw pruh sdwkv duh qhhghg wr dssur{lpdwh wkh rswlrqdo q1

Jhrphwulf rswlrq

Zh phqwlrqhg hduolhu wkdw wkh frqwuro yduldeoh pxvw kdyh d kljk ghjuhh ri
fruuhodwlrq zlwk wkh yduldeoh zh zdqw wr hvwlpdwh1 Wklv lv lqghhg wkh fdvh
zkhq sulflqj Dvldq dulwkphwlf rswlrqv zlwk jhrphwulf rswlrqv dv frqwuro ydul0
dwhv1 Ixuwkhupruh/ wkh jhrphwulf dyhudjh lv orjqrupdoo| glvwulexwhg/ zklfk
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pdnhv lw srvvleoh wr jlyh d forvhg irup h{suhvvlrq iru wkh jhrphwulf rswlrq
sulfh1 Wkh glvfuhwh jhrphwulf dyhudjh C lv

C ' E

6\
�'�

7|��
�*6 +7173,

vr wkh sulfh ri wkh jhrphwulf rswlrq lv dffruglqj wr Fkdswhu :

�C ' i TE�oA �ii TE>C n
�

2
j2C�xE_���gxE_2�j +7174,

zlwk

>C ' *?7f n Eo � ^ � �

2
j2�

A n �

2
+7175,

j2C ' j2�
E2?n ��E?n ��

S?
+7176,

dqg

_� '
>C � *?g n j2C

jC
+7177,

_2 ' _� � jC +7178,

716 Qxphulfdo uhvxowv

Khuh/ zh suhvhqw wkh uhvxowv ri xvlqj Prqwh Fduor vlpxodwlrq wr sulfh Dvldq
rswlrqv1 Zh dovr h{sodlq lq ghwdlo krz wkh gl�huhqw dyhudjhv/ sulfhv hwf1
kdyh ehhq fdofxodwhg/ dqg wkh Ylvxdo Edvlf frgh ehklqg lw doo dsshduv iurp
Dsshqgl{ D1 Lq dgglwlrq wr vwdqgdug Prqwh Fduor vlpxodwlrq/ zh kdyh ds0
solhg wkh dqwlwkhwlf phwkrg dv zhoo dv frqwuro yduldwhv wr vhh zklfk phwkrg
shuirupv ehvw1

Wkh sulfh ri wkh Dvldq rswlrq lv

� ' i TE�oA �.d4@ E��gc f�o +7179,

zkhuh � lv wkh glvfuhwh dulwkphwlf dyhudjh

� '
�

6

6[
�'�

7|� +717:,

Zh xvh htxlglvwdqw wlph srlqwv/ vr

|� ' |�3� n �c � '
A

6
c |f ' fc � ' �c 2c ���c6 +717;,
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Wkh vdpsoh dyhudjhv duh

�E�� '
�

6

6[
�'�

7
E��
|� c � ' �c 2c ���c ? +717<,

zlwk 7
E��
|� jlyhq e| +7147,1

71614 Vwdqgdug Prqwh Fduor

Vdpsoh rswlrq sulfhv duh fdofxodwhg dv

�E�� ' i TE�oA �4@ E�E�� �gc f�c � ' �c 2c ���c ? +7183,

zklfk ohdgv xv wr wkh Prqwh Fduor hvwlpdwru

	� '
�

?

?[
�'�

�E�� +7184,

Wkh vdpsoh yduldqfh r2� lv

r2� '
�

?� �

?[
�'�

E�E�� � 	��2 +7185,

dqg d <8( frq�ghqfh lqwhuydo lv

d 	� � ��bS
r�s
?
c 	� n ��bS

r�s
?
o +7186,

Wdeoh 714 dqg Wdeoh 715 frqwdlq rswlrq sulfhv dqg vwdqgdug ghyldwlrqv iru
gl�huhqw ydoxhv ri wkh vwrfn sulfh yrodwlolw| j dqg wkh pdwxulw| A ri wkh
rswlrq1 Wkh rwkhu sdudphwhuv ri lqwhuhvw kdyh ehhq �{hg dw

g ' �ffc 6 ' �2c ? ' Dffffc ^ ' fc o ' f�fDc 7f ' �ff +7187,

zklfk phdqv wkdw erwk wkh lqlwldo vwrfn sulfh dqg wkh vwulnh sulfh duh 433/ wkh
qxpehu ri sulfhv lq wkh dyhudjh lv 45 +fruuhvsrqglqj wr prqwko| dyhudjlqj
zkhq A ' �,/ wkh vwrfn sd|v qr glylghqgv/ wkh lqwhuhvw udwh lv 8( dqg zh
kdyh vlpxodwhg zlwk 83/333 sdwkv1 Wkh odvw wkuhh froxpqv lq wkh wdeohv
uhsuhvhqw wkh vlpxodwhg sulfh ri d Hxurshdq rswlrq/ wkh vwdqgdug ghyldwlrq
ri wkh hvwlpdwru dqg wkh wkhruhwlfdo Eodfn0Vfkrohv ydoxh1 Wkh Hxurshdq
rswlrq kdv ehhq lqfoxghg wr jlyh xv dq lghd ri wkh dffxudf| ri wkh Prqwh
Fduor hvwlpdwhv1 Li wkh vlpxodwhg Hxurshdq sulfhv duh vljql�fdqwo| gl�huhqw
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iurp wkh wkhruhwlfdo sulfhv/ zh vkrxog h{shfw wkdw wkh Dvldq sulfhv duh dovr
lpsuhflvh1

Wkh Prqwh Fduor hvwlpdwru ri wkh Hxurshdq rswlrq sulfh lv

	�. '
�

?

?[
�'�

�
E��
. +7188,

zkhuh wkh vdpsohv duh

�
E��
. ' i TE�oA �4@ E7

E��
|6 �gc f�c � ' �c 2c ���c ? +7189,

Wkh vdpsoh yduldqfh r2. lv

r2. '
�

?� �

?[
�'�

E�
E��
. � 	�.�

2 +718:,

dqg d <8( frq�ghqfh lqwhuydo lv

d 	�. � ��bS
r.s
?
c 	�. n ��bS

r.s
?
o +718;,

Wkh wkhruhwlfdo sulfh �. lv rewdlqhg iurp +516,1
Lw lv reylrxv iurp Wdeoh 714 wkdw wkh vwdqgdug ghyldwlrqv duh wrr odujh wr

eh ri dq| jrrg1 Dv zh zrxog h{shfw/ erwk wkh rswlrq sulfh dqg wkh vwdqgdug
ghyldwlrq duh lqfuhdvlqj lq wkh vwrfn sulfh yrodwlolw|1 Wklv fdq eh vhhq lq Ilj0
xuh 714 zkhuh zh dovr vhh wkdw wkh vsuhdg ehwzhhq wkh Hxurshdq dqg Dvldq
sulfhv lqfuhdvh dv yrodwlolw| lqfuhdvhv1 Wkh Dvldq sulfh lv orzhu wkdq wkh Hx0
urshdq sulfh pdlqo| ehfdxvh wkh dyhudjlqj whqgv wr orzhu wkh yduldqfh ri wkh
whuplqdo sd|r�/ dqg khqfh orzhu wkh rswlrq sulfh1 Iljxuh 714 dovr vkrzv wkh
hqgsrlqwv ri wkh <8( frq�ghqfh lqwhuydo iru 	�. dv zhoo dv wkh Eodfn0Vfkrohv
sulfh1 	�. kdv ehhq vxewudfwhg iurp doo ydoxhv wr pdnh wkh judskv glvwlq0
jxlvkdeoh iurp hdfk rwkhu1 Wkh wuxh sulfh lv lqvlgh wkh frq�ghqfh lqwhuydo/
exw wkh lqwhuydo lv vr zlgh wkdw zh uhdoo| fdq*w xvh rxu hvwlpdwhv wr dq|wklqj1
Dv fdq eh vhhq/ wkh Prqwh Fduor vlpxodwlrq frqvlvwhqwo| xqghusulfhv wkh Hx0
urshdq rswlrq/ zklfk frxog lqglfdwh wkdw rxu udqgrp qxpehuv duh qrw dv
xqfruuhodwhg dv zh zrxog zlvk1

Wdeoh 715 lv vlplodu wr Wdeoh 714 exw wklv wlph zh kdyh sulfhg rswlrqv zlwk
pdwxulwlhv iurp kdoi d |hdu xs wr �yh |hduv1 Lw lv hylghqw wkdw erwk sulfhv dqg
vwdqgdug ghyldwlrqv lqfuhdvh dv pdwxulw| lqfuhdvhv1 Wklv lv dovr looxvwudwhg lq
Iljxuh 7151 Wkh frq�ghqfh lqwhuydov duh wrr zlgh iru rxu sxusrvh/ vr zh frxog
frqvlghu lqfuhdvlqj wkh qxpehu ri sdwkv1 Iurp +718;, zh vhh wkdw grxeolqj
wkh suhflvlrq uhtxluhv irxu wlphv dv pdq| sdwkv1 Li zh ghpdqg wkdw wkh
frq�ghqfh lqwhuydo lv qr zlghu wkdq 3134/ l1h1 4 fhqw/ wkhq zh qhhg pruh wkdq
583 ploolrq sdwkv wr sulfh wkh rswlrq zlwk j@3183 lq Wdeoh 7141 Wklv zrxog
suredeo| wdnh iruhyhu rq d vwdqgdug SF/ vr yduldqfh uhgxfwlrq phwkrgv duh
lqghhg qhfhvvdu|1



7161 QXPHULFDO UHVXOWV 56

� A 	� t�*
s
? 	�. t.*

s
? �.

3138 4 51<5 313447 815; 3134<9 815;
3143 4 61;< 313533 91;3 313677 91;3
3148 4 71<< 3135;: ;18< 3137<8 ;18<
3153 4 9146 3136:: 43177 313987 43178
3158 4 :15; 3137:4 45165 313;54 45167
3163 4 ;176 31389; 47153 313<<; 47156
3168 4 <18; 3139:3 4913< 3144;8 49146
3173 4 431:6 313::9 4:1<: 3146;6 4;135
3178 4 441;; 313;;9 4<1;7 3148<6 4<1<4
3183 4 46136 314334 541:3 314;48 541:<

Wdeoh 714= Prqwh Fduor rswlrq sulfhv iru gl�huhqw yrodwlolwlhv1 g@433/6@45/
?@83333/ ^@3/ o@3138/ 7f@4331

� A 	� t�*
s
? 	�. t.*

s
? �.

3153 318 713< 313589 91;; 313768 91;<
3153 413 9146 3136:: 43177 313987 43178
3153 418 :1;3 3137:9 46176 313;6: 46177
3153 513 <15; 313894 49143 314333 49146
3153 518 43195 31396; 4;18: 314484 4;193
3153 613 441;8 313:3; 531;< 3145<6 531<5
3153 618 46133 313::6 5613; 31475; 56145
3153 713 4713; 313;68 5814: 31488; 58154
3153 718 4813< 313;<5 5:149 3149;6 5:155
3153 813 49138 313<7: 5<13; 314;37 5<147

Wdeoh 715= Prqwh Fduor rswlrq sulfhv iru gl�huhqw pdwxulwlhv1 g@433/6@45/
?@83333/ ^@3/ o@3138/ 7f@4331
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Iljxuh 714= Wrs= Prqwh Fduor hvwlpdwhv iru Dvldq dqg Hxurshdq rswlrq
sulfhv1 Erwwrp= <8( frq�ghqfh lqwhuydov dqg wkhruhwlfdo Hxurshdq rswlrq
sulfhv1 Doo ydoxhv vxewudfwhg e| Prqwh Fduor hvwlpdwh1
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Iljxuh 715= Wrs= Prqwh Fduor hvwlpdwhv iru Dvldq dqg Hxurshdq rswlrq
sulfhv1 Erwwrp= <8( frq�ghqfh lqwhuydov dqg wkhruhwlfdo Hxurshdq rswlrq
sulfhv1 Doo ydoxhv vxewudfwhg e| Prqwh Fduor hvwlpdwh1
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71615 Dqwlwkhwlf phwkrg

Iru hdfk �E�� lq +7183, zh jhqhudwh d h�E�� e| xvlqj h~�c� ' �~�c�c � '
�c 2c ���c6 wr vlpxodwh wkh vwrfn sulfhv1 Wkh Prqwh Fduor hvwlpdwru lv

	� '
�

?

?[
�'�

�E�� n h�E��

2
+718<,

dqg d <8( frq�ghqfh lqwhuydo lv

d 	� � ��bS
r�s
?
c 	� n ��bS

r�s
?
o +7193,

zlwk

r2� '
�

?� �

?[
�'�

E
�E�� n h�E��

2
� 	��2 +7194,

Wkh Hxurshdq rswlrq sulfhv duh vlpxodwhg lq d vlplodu idvklrq1
Wdeoh 716 dqg Wdeoh 717 frqwdlq vlpxodwhg rswlrq sulfhv iru gl�huhqw

yrodwlolwlhv dqg pdwxulwlhv1 Wkh vdph uhpdunv dv iru wkh vwdqgdug phwkrg
deryh dsso|1 Lw lv zruwk qrwlqj wkdw wkh Dvldq sulfhv kdyh lqfuhdvhg e| xs wr
: fhqwv +vhh dovr Iljxuh 716, zkhuhdv wkh Hxurshdq sulfhv rqo| kdyh lqfuhdvhg
e| xs wr 5 fhqwv1 Vlqfh wkh vwdqgdug phwkrg xqghusulfhg wkh Hxurshdq rs0
wlrqv/ lw pljkw kdyh xqghusulfhg wkh Dvldq rswlrqv dv zhoo/ vr zh h{shfw wkdw
wkh kljkhu dqwlwkhwlf hvwlpdwhv ri wkh Dvldq sulfhv duh ehwwhu1 Hyhq wkrxjk
wkh dqwlwkhwlf phwkrg kdv uhgxfhg wkh vwdqgdug ghyldwlrqv e| d idfwru wzr/
zh duh vwloo qrw vdwlv�hg zlwk wkh dffxudf|1 Zh srvwsrqh rxu �qdo frqfoxvlrq
uhjduglqj wkh dqwlwkhwlf phwkrg xqwlo zh kdyh vhhq krz wkh rwkhu yduldqfh
uhgxfwlrq phwkrg shuirupv1

71616 Frqwuro yduldwhv

Lq dgglwlrq wr +717<,/ wkh vdpsoh jhrphwulf dyhudjhv duh

CE�� ' E

6\
�'�

7
E��
|� �

�*6c � ' �c 2c ���c ? +7195,

dqg vdpsoh jhrphwulf rswlrq sulfhv duh fdofxodwhg dv

�
E��
C ' i TE�oA �4@ ECE�� �gc f�c � ' �c 2c ���c ? +7196,
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j A 	� t�*
s
? 	�. t.*

s
? �.

3138 4 51<6 31335; 815; 313377 815;
3143 4 61<3 3133:< 91;3 313466 91;3
3148 4 8134 313464 ;18< 313559 ;18<
3153 4 9148 3134;9 43177 313658 43178
3158 4 :164 313576 45165 313764 45167
3163 4 ;17: 313636 47154 313878 47156
3168 4 <196 31369: 49143 313999 49146
3173 4 431:< 313767 4:1<; 313:<: 4;135
3178 4 441<8 313839 4<1;8 313<69 4<1<4
3183 4 46143 3138;4 541:5 3143;9 541:<

Wdeoh 716= Prqwh Fduor rswlrq sulfhv iru gl�huhqw yrodwlolwlhv1 Dqwlwkhwlf
phwkrg1 g@433/ 6@45/ ?@83333/ ^@3/ o@3138/ 7f@4331

j A 	� t�*
s
? 	�. t.*

s
? �.

3153 318 7144 31345: 91;; 31354; 91;<
3153 413 9148 3134;9 43177 313658 43178
3153 418 :1;6 313565 46176 313747 46177
3153 513 <164 3135:5 49144 3137<8 49146
3153 518 43199 31363: 4;18; 31389< 4;193
3153 613 441;< 313673 531;< 313973 531<5
3153 618 46138 3136:3 5613; 313:3; 56145
3153 713 47146 3136<< 5814: 313::7 58154
3153 718 48148 313759 5:149 313;6; 5:155
3153 813 49145 313785 5<13; 313<34 5<147

Wdeoh 717= Prqwh Fduor rswlrq sulfhv iru gl�huhqw pdwxulwlhv1 Dqwlwkhwlf
phwkrg1 g@433/ 6@45/ ?@83333/ ^@3/ o@3138/ 7f@4331
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Iljxuh 716= Gl�huhqfh ehwzhhq Prqwh Fduor hvwlpdwhv zlwk dqg zlwkrxw
yduldqfh uhgxfwlrq1
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zkhuhdv wkh wuxh jhrphwulf rswlrq sulfh �C lv jlyhq e| +7174,1
Wkh Prqwh Fduor hvwlpdwru ri wkh Dvldq rswlrq sulfh lv wkhq

	� '
�

?

?[
�'�

�E�� � �
E��
C n �C +7197,

dqg d <8( frq�ghqfh lqwhuydo lv

d 	� � ��bS
r�s
?
c 	� n ��bS

r�s
?
o +7198,

zlwk

r2� '
�

?� �

?[
�'�

E�E�� � �
E��
C n �C � 	��2 +7199,

Olnhzlvh/ wkh Prqwh Fduor hvwlpdwru ri wkh jhrphwulf rswlrq sulfh lv

	�C '
�

?

?[
�'�

�
E��
C +719:,

Wkh vdpsoh yduldqfh lv

r2C '
�

?� �

?[
�'�

E�
E��
C � 	�C�

2 +719;,

vr d <8( frq�ghqfh lqwhuydo lv

d 	�C � ��bS
rCs
?
c 	�C n ��bS

rCs
?
o +719<,

Wdeoh 718 dqg Wdeoh 719 vkrz vlpxodwhg rswlrq sulfhv iru wkh Dvldq rswlrq
dqg wkh jhrphwulf rswlrq dv zhoo dv wkh wkhruhwlfdo jhrphwulf sulfh1 Wkh sulfhv
duh forvh iru vpdoo yrodwlolwlhv dqg vpdoo pdwxulwlhv +vhh Iljxuh 717 dqg Iljxuh
718,1 Wkh jhrphwulf rswlrqv duh fkhdshu wkdq wkh Dvldq rswlrqv ehfdxvh wkh
jhrphwulf dyhudjh lv dozd|v orzhu wkdq wkh dulwkphwlf dyhudjh1 Wkh vlpx0
odwlrq kdv frqvlvwhqwo| xqghusulfhg wkh jhrphwulf rswlrq/ zklfk djdlq frxog
lqglfdwh fruuhodwlrq ehwzhhq wkh udqgrp qxpehuv1 Wkh vwdqgdug ghyldwlrqv
ri 	� kdyh ehhq uhgxfhg e| d idfwru < ru pruh zklfk kdv gudpdwlfdoo| qdu0
urzhg wkh frq�ghqfh lqwhuydov dv vhhq lq Iljxuh 717 dqg Iljxuh 7181 Iurp
wkhvh lw lv dovr hylghqw wkdw wkh hvwlpdwhv iurp wkh dqwlwkhwlf phwkrg dqg
wkh frqwuro yduldwhv phwkrg duh doprvw wkh vdph1
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� A 	� t�*
s
? 	�C tC*

s
? �C

3138 4 51<6 313334 51;< 313446 51<3
3143 4 61<3 313337 61;5 3134<: 61;7
3148 4 8134 31333< 71;9 3135;4 71;;
3153 4 9149 313349 81<4 313699 81<7
3158 4 :164 313357 91<9 313786 91<<
3163 4 ;17: 313368 :1<; 313875 ;135
3168 4 <197 31337< ;1<< 313965 <137
3173 4 431;3 313398 <1<: 313:58 43136
3178 4 441<9 3133;8 431<5 313;53 44133
3183 4 46144 31343: 441;8 313<4: 441<7

Wdeoh 718= Prqwh Fduor rswlrq sulfhv iru gl�huhqw yrodwlolwlhv1 Frqwuro ydul0
dwhv1 g@433/ 6@45/ ?@83333/ ^@3/ o@3138/ 7f@4331

� A 	� t�*
s
? 	�C tC*

s
? �C

3153 318 7144 31333: 61<< 313583 7134
3153 413 9149 313349 81<4 313699 81<7
3153 418 :1;7 313358 :17: 31378: :183
3153 513 <165 313367 ;1;4 313868 ;1;8
3153 518 43199 313378 43134 313937 43138
3153 613 441<3 313388 44143 313999 44148
3153 618 46138 313399 45143 313:55 45149
3153 713 47147 3133:; 46136 313::7 4613<
3153 718 48149 3133<3 461<3 313;55 461<9
3153 813 49145 313435 471:4 313;9: 471::

Wdeoh 719= Prqwh Fduor rswlrq sulfhv iru gl�huhqw pdwxulwlhv1 Frqwuro ydul0
dwhv1 g@433/ 6@45/ ?@83333/ ^@3/ o@3138/ 7f@4331
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Iljxuh 717= Wrs= Prqwh Fduor rswlrq sulfhv ri Dvldq rswlrqv zlwk dulwkphwlf
dqg jhrphwulf dyhudjhv1 Frqwuro yduldwhv1 Erwwrp= <8( frq�ghqfh lqwhuydov
+hvwlpdwh vxewudfwhg, dqg gl�huhqfh ehwzhhq dqwlwkhwlf phwkrg dqg frqwuro
yduldwhv1
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Iljxuh 718= Wrs= Prqwh Fduor rswlrq sulfhv ri Dvldq rswlrqv zlwk dulwkphwlf
dqg jhrphwulf dyhudjhv1 Frqwuro yduldwhv1 Erwwrp= <8( frq�ghqfh lqwhuydov
+hvwlpdwh vxewudfwhg, dqg gl�huhqfh ehwzhhq dqwlwkhwlf phwkrg dqg frqwuro
yduldwhv1
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71617 Frqfoxvlrq

Zh kdyh xvhg Prqwh Fduor vlpxodwlrq wr sulfh ydulrxv Dvldq dqg Hxurshdq
rswlrqv1 Iurp wkh vlpxodwlrqv zh frqfoxgh wkdw wkh vwdqgdug phwkrg lv qrw
dffxudwh hqrxjk dqg wkdw lqfuhdvlqj wkh qxpehu ri sdwkv lv qrw frpsxwdwlrq0
doo| ihdvleoh1 Wklv lv lq dffrugdqfh zlwk wkh uhvxowv lq ^Nhpqd dqg Yruvw/ 4<<3`1
Wkh udqgrp qxpehuv jhqhudwhg iurp wkh olqhdu frqjuxhqwldo jhqhudwru dqg
wudqviruphg e| wkh Er{0Pxoohu phwkrg vkrzhg vljqv ri fruuhodwlrq/ vr xvlqj
pruh vrsklvwlfdwhg phwkrgv wr jhqhudwh udqgrp qxpehuv frxog suryh dgydq0
wdjhrxv1 Zh dssolhg wzr gl�huhqw yduldqfh uhgxfwlrq phwkrgv zklfk erwk
jdyh yhu| jrrg hvwlpdwhv/ exw wkh dqwlwkhwlf phwkrg glg qrw uhgxfh wkh vwdq0
gdug ghyldwlrqv wr dq dffhswdeoh ohyho1 Lq frqwudvw/ xvlqj wkh Dvldq rswlrq
edvhg rq d jhrphwulf dyhudjh dv d frqwuro yduldwh iru wkh dulwkphwlf Dvldq
rswlrq wxuqhg rxw h{wuhpho| zhoo gxh wr wkh vwurqj fruuhodwlrq ehwzhhq wkh
wzr nlqgv ri dyhudjhv1 Zh rewdlqhg <8( frq�ghqfh lqwhuydov rqo| d ihz fhqwv
zlgh hyhq iru odujh yrodwlolwlhv dqg odujh pdwxulwlhv1
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Fkdswhu 8

Wxuqexoo dqg Zdnhpdq

dojrulwkp

^Wxuqexoo dqg Zdnhpdq/ 4<<4` sulfh Dvldq rswlrqv e| dssur{lpdwlqj wkh glv0
wulexwlrq ri wkh dulwkphwlf dyhudjh zlwk d orjqrupdo glvwulexwlrq1 Vlplodu
phwkrgv kdyh ehhq xvhg e| ^Ohy|/ 4<<5` dqg rwkhuv/ exw Wxuqexoo dqg Zdnh0
pdq xvh d jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq zklfk dovr wdnhv gl�hu0
hqfhv lq vnhzqhvv dqg nxuwrvlv lqwr dffrxqw1 Wklv dssurdfk uholhv rq wkh idfw
wkdw doo wkh prphqwv ri wkh dulwkphwlf dyhudjh fdq hdvlo| eh fdofxodwhg hyhq
wkrxjk wkh glvwulexwlrq ri wkh dyhudjh lv xqnqrzq1 Wkh dojrulwkp lv yhu|
idvw dqg/ dv zh vkdoo vh/ lw lv uhodwlyho| suhflvh1

814 Jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq

Wkh jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq lv d whfkqltxh iru dssur{lpdwlqj
d glvwulexwlrq ixqfwlrq 8 +wkh wuxh glvwulexwlrq, zlwk dq dowhuqdwlyh glvwul0
exwlrq ixqfwlrq C +wkh dssur{lpdwlqj glvwulexwlrq,1 Lw kdv vlplodulwlhv wr
wkh zhoo0nqrzq Wd|oru vhulhv h{sdqvlrq ri dq dqdo|wlfdo ixqfwlrq1 Zh dvvxph
wkdw 8 dqgC kdyh frqwlqxrxv ghqvlw| ixqfwlrqv s dqg } dqg wkdw wkh udqgrp
yduldeoh f kdv glvwulexwlrq 8 1

Gh�qh wkh 6*wk prphqw

k6E8 � '

]
"

3"

%6sE%�_%

' .df6oc 6 ' �c 2c ��� +814,

68



69 FKDSWHU 81 WXUQEXOO DQG ZDNHPDQ DOJRULWKP

dqg wkh 6*wk fhqwudo prphqw

>6E8 � '

]
"

3"

E%� k�E8 ��
6sE%�_%

' .dEf �.dfo�6oc 6 ' �c 2c ��� +815,

dqg wkh �uvw irxu fxpxodqwv

V�E8 � ' k�E8 � ' .dfo +816,

V2E8 � ' >2E8 � ' .dEf �.dfo�2o +817,

V�E8 � ' >�E8 � ' .dEf �.dfo��o +818,

VeE8 � ' >eE8 �� �E>2E8 ��
2

' .dEf �.dfo�eo� �E.dEf � .dfo�2o�2 +819,

V� lv wkh phdq/ V2 lv wkh yduldqfh/ V� lv d phdvxuh ri vnhzqhvv dqg Ve lv d
phdvxuh ri nxuwrvlv1 Zh gh�qh k6EC�/ >6EC� dqg V6EC� olnhzlvh dv deryh1

Wkhruhp 9 Dvvxph wkdw wkh �uvw �yh prphqwv ri erwk glvwulexwlrqv h{lvw
dqg wkdw C lv �yh wlphv gl�huhqwldeoh1 Zh fdq wkhq h{sdqg sE%� lq whupv ri
}E%� dv iroorzv

sE%� ' }E%� n
V2E8 �� V2EC�

2-

_2}

_%2
E%�� V�E8 �� V�EC�

�-

_�}

_%�
E%�

n
VeE8 �� VeEC� n �EV2E8 �� V2EC��

2

e-

_e}

_%e
E%� n 0E%� +81:,

zkhuh 0E%� lv d uhvlgxdo huuru whup dqg V�EC� kdv ehhq vhw htxdo wr V�E8 �1

Surri1 Vhh wkh Dsshqgl{ lq ^Mduurz dqg Uxgg/ 4<;5`1

Khqfh lw dsshduv wkdw wkh gl�huhqfh ehwzhhq sE%� dqg }E%� lv h{suhvvhg
dv wkuhh whupv soxv dq huuru whup1 Wkh �uvw whup dgmxvwv iru gl�huhqfh lq
yduldqfh ehwzhhq wkh wzr glvwulexwlrqv/ zkloh wkh vhfrqg dqg wklug whupv
dgmxvw iru gl�huhqfh lq vnhzqhvv dqg nxuwrvlv1 Wkh zhljkwlqj idfwruv duh
uhvshfwlyho| wkh vhfrqg/ wklug dqg irxuwk ghulydwlyhv ri } zlwk uhvshfw wr %1

Wkh pdjqlwxgh ri wkh huuru whup lv ri frxuvh yhu| lqwhuhvwlqj exw xqiru0
wxqdwho| qrwklqj fdq eh vdlg derxw wklv lq jhqhudo1 Lw vhhpv sodxvleoh wkrxjk
wkdw wkh pruh fxpxodqwv zh lqfoxgh/ wkh ehwwhu wkh dssur{lpdwlrq lv1 Zh
vkdoo wdnh d forvhu orrn dw wklv sureohp lq Vhfwlrq 8161
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815 Dojrulwkp

81514 Prgho

Dv ehiruh/ wkh vwrfn sulfh lv jlyhq e|

_7| ' Eo � ^�7|_|n j7|_`| +81;,

dqg wkh dulwkphwlf dyhudjh lv

� '
�

?

?[
�'�

7|� +81<,

zkhuh wkh dyhudjlqj gdwhv duh

|� ' ��c � '
A

?
c � ' �c 2c ���c ? +8143,

Wkh rswlrq sd|r� dw pdwxulw| A lv 4@ i� � gc fj/ vr wkh rswlrq sulfh dw
wlph 3 lv

� ' i TE�oA �.dE��g�no

' i TE�oA �
]
"

3"

E%�g�ns�E%�_%

' i TE�oA �
]
"

g

E%�g�s�E%�_% +8144,

zkhuh s� lv wkh wuxh/ exw xqnqrzq/ ghqvlw| ixqfwlrq ri �1 Zh frxog qrz
vxevwlwxwh sE%� iurp +81:, iru s�E%� lq +8144,/ exw iru whfkqlfdo uhdvrqv zh
vkdoo �uvw uhzulwh wkh dyhudjh1

Gh�qh wkh uhodwlyh vwrfn sulfh iurp wlph |�3� wr |�

-� '
7|�
7|�3�

c � ' �c 2c ���c ?c |f ' f +8145,

dqg gh�qh

u?n� ' � +8146,

u� ' � n-�u�n�c � ' 2c �c ���c ? +8147,

Qrz/ zh fdq zulwh

7|� ' 7|�3�-� ' 7|�-2���-�c � ' 2c �c ���c ? +8148,
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dqg wkh dyhudjh fdq eh zulwwhq dv

� '
�

?

?[
�'�

7|�

'
�

?
E7|� n 7|�-2 n 7|�-2-� n ���n 7|�-2���-?�

'
7|�
?
E� n-2 n-2-� n ���n-2���-?�

'
7|�
?
E� n-2E� n-�E� n ���E� n-?����

'
7|�
?
u2

'
7f
?
-�u2 +8149,

Zh zdqw wr jhw ulg ri wkh ghwhuplqlvwlf frqvwdqw/ vr zh gh�qh wkh vfdohg
dyhudjh t

t '
?

7f
� ' -�u2 +814:,

dqg wkh vfdohg vwulnh &

& '
?

7f
g +814;,

81515 Prphqwv dqg fxpxodqwv ri wkh wuxh glvwulexwlrq

Lq rughu wr dsso| wkh Hgjhzruwk vhulhv h{sdqvlrq +81:, wr wkh glvwulexwlrq
ri t / zh kdyh wr fdofxodwh wkh fxpxodqwv ri t zklfk/ lq wxuq/ uhtxluhv xv wr
fdofxodwh wkh prphqwv ri t 1 Iurp +81;,/ zh nqrz wkdw

7|� ' 7|�3� i TEEo � ^ � �

2
j2��n jE`|� �`|�3���c � ' �c 2c ���c ? +814<,

vr -� lv orjqrupdoo| glvwulexwhg

*L}-� � �EEo � ^ � �

2
j2��c j2�� +8153,

dqg lwv prphqwv duh

.d-6
� o ' i TEEo � ^ � �

2
j2��6n

�

2
j2�62�c 6 ' �c 2c ��� +8154,
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Dv wkh Eurzqldq Prwlrq kdv lqghshqghqw lqfuhphqwv/ -� dqg u2 duh lqgh0
shqghqw/ dqg

.dt 6o ' .dE-�u2�
6o ' .d-6

� o.du
6
2 oc 6 ' �c 2c ��� +8155,

Iurp +8147, zh jhw

.du6� o ' .dE� n-�u�n��
6oc � ' 2c �c ���c ?c 6 ' �c 2c ���

Dv vkrzq lq Dsshqgl{ E/ wkh �uvw irxu prphqwv ri u� duh

.du�o ' .d� n-�u�n�o +8156,

.du2
� o ' � n.d-2

� o.du
2
�n�o n 2.d-�o.du�n�o +8157,

.du�
� o ' � n.d-�

� o.du
�
�n�o n �.d-2

� o.du
2
�n�o n �.d-�o.du�n�o +8158,

.due
� o ' � n.d-e

� o.du
e
�n�o n e.d-�

� o.du
�
�n�o n S.d-2

� o.du
2
�n�o

ne.d-�o.du�n�o +8159,

E| gh�qlwlrq ri u�/ lw lv qhfhvvdu| wr fdofxodwh wkhvh prphqwv uhfxuvlyho|
vwduwlqj zlwk � ' ? dqg hqglqj zlwk � ' 21

Wkh fxpxodqwv fdq eh fdofxodwhg iurp wkh prphqwv dv iroorzv

V�E8 � ' .dt o +815:,

V2E8 � ' .dt 2o� .dt o2 +815;,

V�E8 � ' .dt �o n 2.dt o� � �.dt 2o.dt o +815<,

VeE8 � ' .dt eo� S.dt oe � e.dt �o.dt o

n�2.dt 2o.dt o2 � �.dt 2o2 +8163,

Wkh ghwdlov fdq eh irxqg lq Dsshqgl{ E1

81516 Dssur{lpdwlqj glvwulexwlrq

^Wxuqexoo dqg Zdnhpdq/ 4<<4` kdyh fkrvhq wkh orjqrupdo glvwulexwlrq dv ds0
sur{lpdwlqj glvwulexwlrq gxh wr lwv zlghvsuhdg xvh lq prghuq �qdqfh1 E|
frqvwuxfwlrq/ wkh �uvw prphqw ri wkh dssur{lpdwlqj glvwulexwlrq C lv vhw
htxdo wr wkh �uvw prphqw ri wkh wuxh glvwulexwlrq 8 / fi1 Wkhruhp 91 Wkh
orjqrupdo glvwulexwlrq lv fkdudfwhul}hg e| wzr sdudphwhuv/ vr zh qhhg dq0
rwkhu htxdwlrq wr �fdoleudwh� wkh glvwulexwlrq1 Wkhuh duh vhyhudo zd|v wr gr
wklv/ rqh ri zklfk lv wr vhw wkh vhfrqg prphqwv ri wkh wzr glvwulexwlrqv htxdo/
l1h1

k2EC� ' k2E8 � +8164,
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Vlqfh k�EC� ' k�E8 �/ zh fdq dovr h{suhvv wkh deryh lq whupv ri wkh fxpxodqwv

V2EC� ' V2E8 � +8165,

Lqwxlwlyho|/ wklv vkrxog uhvxow lq d jrrg �w wr wkh wuxh glvwulexwlrq1 Zh
h{shfw wkdw pdwfklqj wkh �uvw wzr prphqwv dqg dgmxvwlqj iru vrph ri wkh
kljkhu prphqwv zloo h{sodlq d vxevwdqwldo sduw ri wkh lq xhqfh zklfk wkh
glvwulexwlrq ri wkh dyhudjh kdv rq wkh rswlrq sulfh1

Zh kdyh douhdg| vhhq krz wr fdofxodwh wkh prphqwv ri wkh wuxh glvwulex0
wlrq/ dqg wkh prphqwv ri wkh orjqrupdo glvwulexwlrq zlwk sdudphwhuv D dqg
b2 duh

k6EC� '

]
"

3"

%6}E%�_% ' i TED6n
�

2
b262�c 6 ' �c 2c ��� +8166,

Wr �qg wkh sdudphwhuv ri wkh dssur{lpdwlqj glvwulexwlrq/ zh pdwfk wkh �uvw
wzr prphqwv dqg vroyh wkh iroorzlqj v|vwhp ri htxdwlrqv

k�E8 � ' i TED n
�

2
b2� +8167,

k2E8 � ' i TE2D n 2b2� +8168,

Dv vkrzq lq Dsshqgl{ E/ wkh vroxwlrq lv

D ' 2 *?k�E8 �� �

2
*?k2E8 � +8169,

b2 ' *?k2E8 �� 2 *?k�E8 � +816:,

Rqfh zh kdyh fdofxodwhg wkh prphqwv ri wkh wuxh glvwulexwlrq/ zh fdq fdo0
fxodwh wkh sdudphwhuv deryh/ zklfk ixoo| ghwhuplqh wkh dssur{lpdwlqj glv0
wulexwlrq1 Wkh qh{w vwhs lv wr fdofxodwh wkh prphqwv k6EC� iurp +8166,
dqg wkhq wkh fxpxodqwv V6EC�/ zklfk duh rewdlqhg lq d pdqqhu vlplodu wr
+815:,0+8163,1

Wkh ghqvlw| ixqfwlrq }E%� ri wkh orjqrupdo glvwulexwlrq zlwk sdudphwhuv
D dqg b2 lv

}E%� '
�

b
s
2Z

�

%
i TE

�ED � *?%�2

2b2
�c % : f +816;,

Iurp +81:, lw vhhpv dv li zh qhhg wr �qg wkh �uvw irxu ghulydwlyhv ri wklv
ixqfwlrq/ exw lw wxuqv rxw wkdw zh rqo| qhhg wzr ri wkhp1 Wkh �uvw ghulydwlyh
ri } zlwk uhvshfw wr % lv

_}

_%
E%� ' }E%�

�

%
E
D � *?%

b2
� ��c % : f +816<,
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dqg wkh vhfrqg ghulydwlyh lv

_2}

_%2
E%� ' }E%�

�

%2
EE
D � *?%

b2
� ��E

D � *?%

b2
� 2�� �

b2
�c % : f +8173,

Rqfh djdlq wkh ghwdlov dsshdu iurp Dsshqgl{ E1

81517 Rswlrq sulfh

Zh fdq uhzulwh +8144,/ vr wkh rswlrq sulfh lv

� ' i TE�oA �.dE��g�no

' i TE�oA �7f
?
.dEt � &�no

' i TE�oA �7f
?

]
"

&

E%� &�sE%�_% +8174,

zkhuh s lv wkh wuxh ghqvlw| ixqfwlrq ri t 1

Ohppd : Dsso|lqj wkh Hgjhzruwk vhulhv h{sdqvlrq +81:, wr wkh lqwhjudo lq
+8174, ohdgv wr]

"

&

E%� &�sE%�_% '

]
"

&

E%� &�}E%�_%

n
V2E8 �� V2EC�

2-
}E&�� V�E8 �� V�EC�

�-

_}

_%
E&�

n
VeE8 �� VeEC� n �EV2E8 �� V2EC��

2

e-

_2}

_%2
E&�

n0E&� +8175,

zkhuh C lv wkh dssur{lpdwlqj orjqrupdo glvwulexwlrq1

Surri1 Vxevwlwxwlqj sE%� iurp +81:, iru sE%� lq]
"

&

E%� &�sE%�_%

jlyhv lqwhjudov ri wkh w|sh]
"

&

E%� &�
_6}

_%6
E%�_%c 6 ' 2c �c e
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Xvlqj lqwhjudwlrq e| sduwv/ zh jhw]
"

&

E%� &�
_6}

_%6
E%�_% ' *�4

%<"
iE%� &�

_63�}

_%63�
E%�j � E& � &�

_63�}

_%63�
E&�

�
]
"

&

_63�}

_%63�
E%�_%

' *�4
%<"

i%_
63�}

_%63�
E%�j � & *�4

%<"

_63�}

_%63�
E%�

�E *�4
%<"

_632}

_%632
E%�� _632}

_%632
E&��

'
_632}

_%632
E&�

zkhuh doo wkh olplwv duh }hur/ ehfdxvh wkh orjqrupdo ghqvlw| }E%� whqgv wr
}hur lq wkh iroorzlqj vhqvh

*�4
%<"

%�}E%� ' fc ;� : f

zklfk dovr pdnhv wkh ghulydwlyhv whqg wr }hur1 Qrz/ +8175, iroorzv hdvlo|1

Wkh qh{w wkhruhp whoov xv krz wr fdofxodwh wkh dssur{lpdwh rswlrq sulfh1

Wkhruhp ; Wkh Wxuqexoo dqg Zdnhpdq sulfh dw wlph 3 ri wkh Dvldq rswlrq
zlwk pdwxulw| A dqg vwulnh g lv

� ' i TE�oA �7f
?
ii TED n �

2
b2�xE_��� &xE_2�

n
V2E8 �� V2EC�

2-
}E&�� V�E8 �� V�EC�

�-

_}

_%
E&�

n
VeE8 �� VeEC� n �EV2E8 �� V2EC��

2

e-

_2}

_%2
E&�j +8176,

zkhuh x lv wkh vwdqgdug qrupdo glvwulexwlrq ixqfwlrq dqg

_� '
D n b2 � *? &

b
+8177,

_2 ' _� � b +8178,

Qrwh wkdw wkh whup zlwk wkh vhfrqg fxpxodqwv lq +8176, htxdov }hur lq rxu
vhwxs +e| fkrlfh ri dssur{lpdwlqj glvwulexwlrq, dqg fdq wkhuhiruh eh uhpryhg
iurp wkh h{suhvvlrq1
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Surri1 Dv vkrzq ehorz

]
"

&

E%� &�}E%�_% ' i TED n
�

2
b2�xE

D n b2 � *? &

b
�� &xE

D � *? &

b
�

Frpelqlqj wklv zlwk +8174, dqg +8175, jlyhv wkh uhvxow lq +8176,1

Iluvw/ zh vsolw wkh lqwhjudo lqwr wzr lqwhjudov

]
"

&

E%� &�}E%�_% '

]
"

&

%}E%�_%� &

]
"

&

}E%�_%

Xvlqj wkh fkdqjh ri yduldeohv

+ '
D n b2 � *?%

b
c

_+

_%
' � �

b%

dqg wkh ghqvlw| +816;,/ wkh �uvw lqwhjudo lv

]
"

&

%}E%�_% '

]
"

&

%
�

b
s
2Z

�

%
i TE

�ED � *?%�2

2b2
�_%

'

]
"

&

%
�s
2Z

�

b%
i TE��

2
E
D � *?%

b
�2�_%

'

]
3"

Dnb23*? &
b

� i TED n b2 � b+�
�s
2Z

i TE��

2
E+ � b�2�_+

'

] Dnb23*? &
b

3"

�s
2Z

i TE��

2
+2 � �

2
b2 n b+ n D n b2 � b+�_+

' i TED n
�

2
b2�

] Dnb23*? &
b

3"

�s
2Z

i TE��

2
+2�_+

' i TED n
�

2
b2�xE

D n b2 � *? &

b
�

Olnhzlvh/ zh pdnh wkh fkdqjh ri yduldeohv

5 '
D � *?%

b
c

_5

_%
' � �

b%
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dqg wkh vhfrqg lqwhjudo lv wkhq]
"

&

}E%�_% '

]
"

&

�

b
s
2Z

�

%
i TE

�ED � *?%�2

2b2
�_%

'

]
"

&

�s
2Z

�

b%
i TE��

2
E
D � *?%

b
�2�_%

'

]
3"

D3*? &
b

� �s
2Z

i TE��

2
52�_5

'

] D3*? &
b

3"

�s
2Z

i TE��

2
52�_5

' xE
D � *? &

b
�

zklfk frpsohwhv wkh surri1

81518 Phwkrg ryhuylhz

Wkh Wxuqexoo dqg Zdnhpdq dojrulwkp iru sulflqj Dvldq rswlrqv fdq eh vxp0
pdul}hg dv iroorzv

� Fdofxodwh wkh �uvw irxu prphqwv ri wkh wuxh glvwulexwlrq ri wkh +vfdohg,
dyhudjh vwrfn sulfh1

� Pdwfk wkh �uvw wzr prphqwv ri wkh dssur{lpdwlqj orjqrupdo glvwulex0
wlrq wr wkh wuxh glvwulexwlrq1

� Fdofxodwh wkh wklug dqg irxuwk prphqwv ri wkh dssur{lpdwlqj glvwul0
exwlrq1

� Ilqg wkh �uvw dqg vhfrqg ghulydwlyhv ri wkh dssur{lpdwlqj ghqvlw| ixqf0
wlrq1

� Fdofxodwh wkh �uvw irxu fxpxodqwv ri erwk glvwulexwlrqv1

� Fdofxodwh wkh Dvldq rswlrq sulfh xvlqj wkh jhqhudol}hg Hgjhzruwk vhulhv
h{sdqvlrq1

816 Qxphulfdo uhvxowv

Wdeoh 814 frqwdlqv rswlrq sulfhv iru gl�huhqw ydoxhv ri vwrfn sulfh yrodwlolw| j/
vwulnh sulfhg/ qxpehu ri sulfhv lq wkh dyhudjh ? dqg pdwxulw| A 1 Wkh Prqwh
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Fduor vlpxodwlrq kdv ehhq fduulhg rxw zlwk 83/333 sdwkv dqg wkh jhrphwulf
rswlrq sulfh dv frqwuro yduldwh/ fi1 Fkdswhu 71 Xqohvv rwkhuzlvh phqwlrqhg
wkh vwrfn glylghqg/ wkh lqwhuhvw udwh dqg wkh lqlwldo vwrfn sulfh kdyh ehhq
�{hg dw

^ ' fc o ' f�fDc 7f ' �ff +8179,

Wkh Wxuqexoo dqgZdnhpdq sulfh lv zlwklq 4 fhqw ri wkhPrqwh Fduor hvwlpdwh
iru doo ydoxhv ri g dqg ? dqg iru vpdoo ydoxhv ri j dqg A 1 Wkh dffxudf|
ghwhulrudwhv iru yrodwlolwlhv odujhu wkdq 63( s1d1 dqg hvshfldoo| iru pdwxulwlhv
orqjhu wkdq 4�

2
|hduv1

Zh vwdwhg lq Vhfwlrq 814 wkdw qrwklqj fdq eh vdlg derxw wkh huuru whup
0E%� lq jhqhudo1 Lq wkh vshfldo fdvh zkhuh doo wkh prphqwv h{lvw +dv lq rxu
vhwxs,/ zh kdyh

0�E%�$ f xqlirupo| dv � $4 +817:,

zkhuh � uhsuhvhqwv wkh qxpehu ri whupv lqfoxghg lq wkh vhulhv h{sdqvlrq
+vhh ^Mduurz dqg Uxgg/ 4<;5`,1 Wklv lv yhu| uhdvvxulqj exw iru doo sudfwlfdo
sxusrvhv� lv �qlwh/ vr krz grhv lw lq xhqfh wkh dffxudf| li zh dgg ru uhpryh
fruuhfwlrq whupvB Wr lqyhvwljdwh wklv zh kdyh lqfoxghg wkh frpsrqhqwv ri
wkh sulflqj h{suhvvlrq +8176, lq Wdeoh 8151 Wkh qrwdwlrq lv

|eo62 ' � i TE�oA �7f
?

V�E8 �� V�EC�
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_}

_%
E&�c

|eo6� ' i TE�oA �7f
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VeE8 �� VeEC� n �EV2E8 �� V2EC��
2

e-

_2}

_%2
E&�c

_} '
_}

_%
E&�c _2} '

_2}

_%2
E&�c S�*S '

V�E8 �� V�EC�

�-
c

Se*2e '
VeE8 �� VeEC� n �EV2E8 �� V2EC��

2

e-
+817;,

Qrwh wkdw wkh fruuhfwlrq whup |eo62 lv vpdoo +ohvv wkdq 6 fhqwv, h{fhsw iru
odujh yrodwlolwlhv zkhuhdv |eo6� sod|v dq lpsruwdqw uroh iru odujh ydoxhv ri
erwk j dqg A 1 Wklv lv d frqvhtxhqfh ri d frqvlghudeoh gl�huhqfh lq nxuwrvlv
ehwzhhq wkh wuxh glvwulexwlrq dqg wkh dssur{lpdwlqj orjqrupdo glvwulexwlrq
dv vhhq lq wkh froxpq odehoohg Se*2e1

Wkh odvw wzr froxpqv ri Wdeoh 814 vkrz wkh Wxuqexoo dqg Zdnhpdq sulfh
zlwk qr fruuhfwlrq iru gl�huhqfhv lq irxuwk fxpxodqwv +WZ6f, dqg zlwk qr
fruuhfwlrqv dw doo +Ohy|,1 Wkh odvw froxpq lv odehoohg Ohy| ehfdxvh wklv
sulflqj phwkrg lv htxlydohqw wr wkh rqh xvhg lq ^Ohy|/ 4<<5`1 Kh dovr uhihuv
wr lw dv wkh �Zlonlqvrq dssur{lpdwlrq� +vhwwlqj wkh �uvw wzr prphqwv htxdo,1
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Iljxuh 814 dqg Iljxuh 815 glvsod| wkhvh sulfhv ohvv wkh Prqwh Fduor hvwlpdwh
iru gl�huhqw ydoxhv ri j/ A dqg g1

Iljxuh 814 vkrzv wkdw wkh Wxuqexoo dqg Zdnhpdq dojrulwkp shuirupv
ehwwhu wkdq wkh rwkhu wzr dqg wkdw qrw dgmxvwlqj iru fxpxodqw gl�huhqfhv
+Ohy|, lv ehwwhu wkdq rqo| dgmxvwlqj iru wklug fxpxodqwv +WZ6f,1 Lw dovr
dsshduv iurp Iljxuh 814 wkdw wkh WZ dojrulwkp lv yhu| vhqvlwlyh wr lqfuhdvhv
lq pdwxulw| dqg vkrxog gh�qlwho| qrw eh xvhg iru pdwxulwlhv orqjhu wkdq 6
|hduv1 Iru A : ��D erwk Ohy| dqg WZ6f shuirup ehwwhu +exw qrw zhoo$,
zklfk lv gxh wr wkh odujh grzqzdug nxuwrvlv fruuhfwlrq |eo6�/ fi1 Wdeoh 8151

Iljxuh 815 lv yhu| lqwhuhvwlqj1 Zh vhh wkdw wkh WZ sulfh lv zlwklq 4 fhqw
ri wkh PF hvwlpdwh iru doo vwulnh sulfhv zkhuhdv WZ6f ydulhv xs wr 5 fhqwv
dqg Ohy| ydulhv xs wr 6 fhqwv1 Lw ghshqgv rq g zklfk phwkrg lv wkh ehwwhu
rqh/ dqg khqfh zh vkrxog qrw xvh +817:, lq frpelqdwlrq zlwk lqwxlwlrq wr vd|
wkdw dgglqj pruh fruuhfwlrq whupv jlyhv ehwwhu dffxudf|1 Zkhq wkh rswlrq lv
ghhs0lq0wkh0prqh| WZ ryhusulfhv lw dqg wkhq xqghusulfhv lw dv g lv jhwwlqj
forvhu wr 7f1 Wklv fkdqjhv djdlq zkhq wkh rswlrq lv rxw0ri0wkh0prqh|1 Wr
vrph h{whqw/ WZ6f ehkdyhv lq wkh rssrvlwh zd| zkloh Ohy| lv wrr odujh iru
lq0wkh0prqh| dqg dw0wkh0prqh| rswlrqv dqg wrr vpdoo iru rxw0ri0wkh0prqh|
rswlrqv1 Wkh h{sodqdwlrqv ri wkhvh  xfwxdwlrqv fdq eh irxqg lq Wdeoh 815
lq wkh froxpqv odehoohg _} dqg _2}1 Wkh yduldwlrqv ri wkh �uvw dqg vhfrqg
rughu ghulydwlyhv ri wkh dssur{lpdwlqj ghqvlw| ixqfwlrq fdxvh wkh fruuhfwlrq
whupv |eo62 dqg |eo6� wr fkdqjh vljq dqg pdjqlwxgh1 Iljxuh 815 vkrzv
wkdw |eo62 lv qhjdwlyh zkhq g 	 7f dqg srvlwlyh zkhq g : 7f1 |eo6� lv
qhjdwlyh zkhq g lv qhdu 7f dqg srvlwlyh hovhzkhuh1

Ilqdoo|/ zh qrwh iurp Wdeoh 814 wkdw lqfuhdvlqj wkh qxpehu ri sulfhv lq wkh
dyhudjh ? grhv qrw d�hfw wkh dffxudf| ri wkh Wxuqexoo dqg Zdnhpdq dojr0
ulwkp/ exw wkh rswlrq sulfhv ghfuhdvh wrzdugv wkh frqwlqxrxv0wlph0dyhudjlqj
sulfhv1
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� k ? A PF vg WZ WZ6f Ohy|

3138 433 45 4 51<6 313334 51<6 51<6 51<6
3143 433 45 4 61<3 313337 61<3 61<4 61<4
3148 433 45 4 8134 31333< 8134 8135 8135
3153 433 45 4 9149 313349 9148 914: 914:
3158 433 45 4 :164 313357 :163 :168 :167
3163 433 45 4 ;17: 313368 ;179 ;186 ;185
3168 433 45 4 <197 31337< <194 <1:7 <1:3
3173 433 45 4 431;3 313398 431:: 431<8 431;<
3178 433 45 4 441<9 3133;8 441<5 4514; 4513;
3183 433 45 4 46144 31343: 4613: 46177 4615;
3153 433 45 318 7144 31333: 7144 7145 7145
3153 433 45 413 9149 313349 9148 914: 914:
3153 433 45 418 :1;7 313358 :1;6 :1;: :1;:
3153 433 45 513 <165 313367 <163 <169 <16:
3153 433 45 518 43199 313378 43195 431:5 431:6
3153 433 45 613 441<3 313388 441;6 441<; 441<<
3153 433 45 618 46138 313399 451<8 46148 46149
3153 433 45 713 47147 3133:; 461<< 47158 47159
3153 433 45 718 48149 3133<3 471<9 4815< 48163
3153 433 45 813 49145 313435 481;9 4915: 4915<
3153 433 45 4 9149 313349 9148 914: 914:
3153 433 57 4 81<9 313349 81<9 81<; 81<;
3153 433 69 4 81<3 313349 81;< 81<4 81<4
3153 433 7; 4 81;9 313349 81;9 81;; 81;;
3153 433 93 4 81;7 313349 81;7 81;9 81;9
3153 :3 45 4 64149 313348 64149 64149 64149
3153 :8 45 4 59175 313348 59175 59174 59175
3153 ;3 45 4 541:5 313348 541:5 541:4 541:6
3153 ;8 45 4 4:149 313348 4:149 4:148 4:14<
3153 <3 45 4 451<5 313348 451<4 451<5 451<8
3153 <8 45 4 <14< 313348 <14; <153 <155
3153 433 45 4 9149 313349 9148 914: 914:
3153 438 45 4 61;: 313349 61;: 61;< 61;:
3153 443 45 4 515< 313348 5163 5163 515;
3153 448 45 4 415; 313348 415; 415; 4158
3153 453 45 4 319: 313346 319; 319: 3198
3153 458 45 4 3167 313345 3167 3166 3165
3153 463 45 4 3149 313343 3149 3149 3148

Wdeoh 814= Dvldq rswlrq sulfhv iru gl�huhqw ydoxhv ri yrodwlolw|/ vwulnh sulfh/
qxpehu ri dyhudjlqj wlphv dqg pdwxulw|1 PF= Prqwh Fduor vlpxodwlrq1 vg=
Vwdqgdug ghyldwlrq ri hvwlpdwru1 WZ= Wxuqexoo dqg Zdnhpdq sulfh1 +Frq0
wlqxhg lq Wdeoh 815,1
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� k ? A |ih42 |ih4� U�*S _} Ue*2e _2}

3138 433 45 4 3133 3133 313334 419:57 313333 041::75
3143 433 45 4 3133 3133 313354 315663 313336 031;46<
3148 433 45 4 3133 03134 31343< 3137;8 31336: 0315:<8
3153 433 45 4 3133 03135 313686 313395 313549 0314547
3158 433 45 4 3133 03137 313;;; 0313397 313;98 0313948
3163 433 45 4 3135 0313: 314<45 0313439 315:6< 0313678
3168 433 45 4 3136 03145 316:35 031344; 31:736 031353;
3173 433 45 4 3139 0314< 31997: 031344; 41:;;6 0313464
3178 433 45 4 3143 0315: 4145;9 0313447 61<:99 03133;8
3183 433 45 4 3149 0316: 41;69: 031343; ;1639< 0313389
3153 433 45 318 3133 03134 3133;5 3133<5 313357 03167;8
3153 433 45 413 3133 03135 313686 313395 313549 0314547
3153 433 45 418 3133 03137 313;89 31337< 313;46 0313984
3153 433 45 513 03134 0313: 31496< 313374 315483 0313749
3153 433 45 518 03134 03143 315:94 313368 3179;8 03135<6
3153 433 45 613 03134 03147 3175;: 313363 31<36; 0313553
3153 433 45 618 03134 0314< 3195<8 31335: 419365 03134:5
3153 433 45 713 03134 03158 31;;:4 313357 519:7< 031346<
3153 433 45 718 03135 03165 41544; 313355 7158<: 0313448
3153 433 45 813 03135 03174 419485 313353 9186<4 03133<9
3153 433 45 4 3133 03135 313686 313395 313549 0314547
3153 433 57 4 3133 03135 315;59 31334; 316598 0313499
3153 433 69 4 3133 03135 31<85< 31333; 4194<7 0313384
3153 433 7; 4 3133 03135 5158:9 313338 81397; 0313355
3153 433 93 4 3133 03135 7173:9 313336 4515;:4 0313344
3153 :3 45 4 3133 3133 313686 313438 313549 31357;
3153 :8 45 4 03134 3134 313686 313679 313549 313899
3153 ;3 45 4 03135 3134 313686 313:8; 313549 313:84
3153 ;8 45 4 03136 3134 313686 314478 313549 313775
3153 <3 45 4 03136 03134 313686 3144<6 313549 0313657
3153 <8 45 4 03135 03135 313686 313:9; 313549 0314367
3153 433 45 4 3133 03135 313686 313395 313549 0314547
3153 438 45 4 3135 03134 313686 03138:: 313549 0313;83
3153 443 45 4 3136 3133 313686 0313<49 313549 03135:<
3153 448 45 4 3136 3133 313686 0313<6; 313549 3134:3
3153 453 45 4 3135 3134 313686 0313:96 313549 3136:6
3153 458 45 4 3134 3134 313686 031385< 313549 3136;3
3153 463 45 4 3134 3134 313686 0313658 313549 3135<6

Wdeoh 815= +Frqwlqxhg iurp Wdeoh 814,1 Frpsrqhqwv ri wkh Wxuqexoo dqg
Zdnhpdq sulflqj h{suhvvlrq +8176,1 Vhh +817;, iru dq h{sodqdwlrq ri wkh
froxpq khdghuv1
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Iljxuh 814= Rswlrq sulfhv vxewudfwhg e|Prqwh Fduor hvwlpdwh1 WZ= Wxuqexoo
dqg Zdnhpdq sulfh1 WZ6f= WZ zlwk fruuhfwlrq iru gl�huhqfhv lq wklug
fxpxodqwv rqo|1 Ohy|= WZ zlwkrxw fruuhfwlrq iru gl�huhqfhv lq fxpxodqwv1
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Iljxuh 815= Wrs= Rswlrq sulfhv vxewudfwhg e| Prqwh Fduor hvwlpdwh1 Erwwrp=
Frqwulexwlrq ri fruuhfwlrq whupv wr Wxuqexoo dqg Zdnhpdq sulfh1 Vhh +817;,1
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81614 Frqfoxvlrq

Zh kdyh vhhq wkdw wkh dffxudf| ri wkh Wxuqexoo dqg Zdnhpdq dojrulwkp
lv jrrg zkhq wkh vwrfn sulfh yrodwlolw| lv orz dqg zkhq wkh pdwxulw| ri
wkh rswlrq lv vkruw1 Wkh dojrulwkp vkrxog eh xvhg zlwk fdxwlrq zkhq wkh
yrodwlolw| h{fhhgv 53063( s1d1 dqg lw vkrxog qhyhu eh xvhg wr sulfh Dvldq
rswlrqv zlwk d pdwxulw| orqjhu wkdq 506 |hduv1 Wkh jhqhudol}hg Hgjhzruwk
vhulhv h{sdqvlrq dgmxvwv iru gl�huhqfhv lq nxuwrvlv +dqg vnhzqhvv,/ zklfk
uhvxowv lq kxjh sulflqj huuruv iru rswlrqv zlwk orqj pdwxulwlhv1 D srvvleoh
zd| wr �{ wklv lv wr vhw wkh irxuwk prphqwv htxdo lqvwhdg ri wkh vhfrqg
prphqwv +8164,/ exw wkdw lv rxwvlgh wkh vfrsh ri wklv wkhvlv1 Ilqdoo|/ zh
frqfoxgh wkdw dgglqj pruh whupv wr wkh Hgjhzruwk vhulhv h{sdqvlrq grhv
qrw qhfhvvdulo| lpsuryh wkh dffxudf| ri wkh dssur{lpdwlrq1
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Fkdswhu 9

Plohyvn| dqg Srvqhu phwkrg

^Plohyvn| dqg Srvqhu/ 4<<;` duh lqvsluhg e| suhylrxv dwwhpswv wr �qg d jrrg
dssur{lpdwlrq iru wkh glvwulexwlrq ri wkh dulwkphwlf dyhudjh dqg xvh wklv wr
sulfh Dvldq rswlrqv1 Vrph ri wkh prvw iuhtxhqwo| txrwhg duwlfohv lq wklv
frqwh{w duh ^Ohy|/ 4<<5`/ ^Yruvw/ 4<<5` dqg ^Wxuqexoo dqg Zdnhpdq/ 4<<4`1
Plohyvn| dqg Srvqhu dujxh wkdw wkh uhflsurfdo jdppd glvwulexwlrq vkrxog
eh suhihuuhg wr wkh orjqrupdo glvwulexwlrq dv dssur{lpdwlqj glvwulexwlrq1
Wklv lv gxh wr wkh idfw wkdw wkh lq�qlwh vxp ri fruuhodwhg orjqrupdo udqgrp
yduldeohv lv uhflsurfdoo| jdppd glvwulexwhg1 Wkh uhvxowlqj sulflqj irupxod
ehduv d forvh uhvhpeodqfh wr wkh Eodfn0Vfkrohv irupxod dqg wkh phwkrg lv
yhu| idvw dqg hdv| wr lpsohphqw1

914 Uhflsurfdo jdppd glvwulexwlrq

91414 Jdppd glvwulexwlrq

Ohw f � KEkc q� ghqrwh wkdw wkh udqgrp yduldeoh f lv jdppd glvwulexwhg
zlwk sdudphwhuv k : f dqg q : f1 Wkh ghqvlw| ixqfwlrq } ri f lv

}E%� ' KEk�3�q3k%k3� i TE�q3�%�c % : f +914,

zkhuh K lv wkh jdppd ixqfwlrq +vhh ^Kr�pdqq0Mûujhqvhq/ 4<<7d` s1 549,1 Wr
hpskdvl}h zkdw wkh sdudphwhuv duh/ zh vkdoo dovr xvh wkh qrwdwlrq }E%mkc q�
dqg olnhzlvh iru wkh glvwulexwlrq ixqfwlrq CE%mkc q�1 Vrph xvhixo surshuwlhv
duh froohfwhg lq wkh iroorzlqj sursrvlwlrq1

86
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Sursrvlwlrq < Ohw k : f dqg q : f1 Wkhq

CE%mkc q� ' CE
%

q
mkc ��c ;% : f +915,

}E%mkc q� '
�

q
}E
%

q
mkc ��c ;% : f +916,

}E%mkc q� '
%

qEk� ��
}E%mk� �c q�c ;% : fc ;k : � +917,

Surri1 Vhh Dsshqgl{ F1

91415 Uhflsurfdo jdppd glvwulexwlrq

Gh�qh t ' �
f
1 Wkh udqgrp yduldeoh t lv uhflsurfdoo| jdppd glvwulexwhg

zlwk sdudphwhuv k dqg q1 Wkh glvwulexwlrq ixqfwlrq C- ri t lv uhodwhg wr
wkh glvwulexwlrq ixqfwlrq C ri f lq wkh iroorzlqj zd|
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�c + : f +918,

Vlqfh wkh jdppd glvwulexwlrq lv devroxwho| frqwlqxrxv/ _
_+
ECE+�� ' }E+�/ dqg

wkhuhiruh wkh ghqvlw| ixqfwlrq }- ri wkh uhflsurfdo jdppd glvwulexwlrq lv
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+
�c + : f +919,

Lw iroorzv wkdw doo uhvxowv zlwk wkh uhflsurfdo jdppd glvwulexwlrq fdq eh
uhzulwwhq dqg h{suhvvhg e| phdqv ri wkh jdppd glvwulexwlrq lqvwhdg1 Wklv
lv frqyhqlhqw vlqfh wkh jdppd glvwulexwlrq lv lqfoxghg lq pdq| vriwzduh
sdfndjhv olnh PV H{fho hwf1

Dv vkrzq lq Dsshqgl{ F/ wkh prphqwv �� ri wkh uhflsurfdo jdppd glv0
wulexwlrq duh

�� ' .dt �o ' .d
�

f�
o '

�

q�Ek� ��Ek� 2����Ek� ��
c � 5 Qc � 	 k +91:,

dqg wkh sdudphwhuv k dqg q fdq eh fdofxodwhg iurp wkh �uvw wzr prphqwv
zklfk/ wkhuhiruh/ ixoo| vshfli| wkh glvwulexwlrq

k '
2�2 ��2

�

�2 ��2
�

+91;,

q '
�2 ��2

�

���2
+91<,



9151 PHWKRG 88

915 Phwkrg

91514 Prgho

Wkh vwrfn sulfh lv jlyhq e|

_7| ' Eo � ^�7|_|n j7|_`| +9143,

dqg wkh dulwkphwlf dyhudjh lv

� '
�

?

?[
�'�

7|� +9144,

zkhuh wkh dyhudjlqj gdwhv duh

|� ' ��c � '
A

?
c � ' �c 2c ���c ? +9145,

Iru frqwlqxrxv dyhudjlqj/ zh kdyh

� '
�

A

] A

f

7�_� +9146,

Wkh rswlrq sd|r� dw pdwxulw| A lv 4@ i� � gc fj/ vr wkh rswlrq sulfh dw
wlph 3 lv

� ' i TE�oA �.dE��g�no

' i TE�oA �
]
"

3"

E+ �g�nsE+�_+

' i TE�oA �
]
"

g

E+ �g�sE+�_+ +9147,

zkhuh s lv wkh wuxh/ exw xqnqrzq/ ghqvlw| ixqfwlrq ri �1 Zh dssur{lpdwh s
zlwk wkh ghqvlw| ixqfwlrq }- ri d uhflsurfdo jdppd glvwulexwlrq1 Iruwxqdwho|
zh fdq fdofxodwh wkh prphqwv ri wkh wuxh glvwulexwlrq/ vr zh fdq pdwfk wkhvh
zlwk wkh prphqwv ri wkh dssur{lpdwlqj glvwulexwlrq lq rughu wr jhw d jrrg
�w1 Wkh dssur{lpdwh sulfh lv wkhq

� ' i TE�oA �
]
"

g

E+ �g�}-E+�_+ +9148,
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91515 Glvfuhwh dyhudjlqj

Gh�qh

U '
�

7f

?[
�'�

7|� +9149,

zklfk lv wkh vxp ri wkh dyhudjlqj gdwh sulfhv vfdohg e| wkh fxuuhqw sulfh1
Odwhu lq wklv fkdswhu/ zh vkdoo vhh wkdw wkh olplwlqj glvwulexwlrq +dv A $4,
ri wkh frqwlqxrxv dyhudjlqj yhuvlrq ri U lv d uhflsurfdo jdppd glvwulexwlrq1
Wklv lv wkh wkhruhwlfdo mxvwl�fdwlrq iru dssur{lpdwlqj wkh dyhudjh zlwk wkh uh0
flsurfdo jdppd glvwulexwlrq1 Wkh uhodwlrqvkls ehwzhhq U dqg wkh dulwkphwlf
dyhudjh � lv
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Wkh �uvw wzr ulvn qhxwudo prphqwv ri wkh dyhudjh duh iru o 9' ^
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+9154,
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+9156,

+914;,0+914<, duh prgl�hg yhuvlrqv ri wkh irupxodh lq ^Ohy|/ 4<<5` +vhh Ds0
shqgl{ F iru ghwdlov,1 Zh fkrrvh wkh sdudphwhuv ri wkh dssur{lpdwlqj uhfls0
urfdo jdppd glvwulexwlrq vr lwv prphqwv duh htxdo wr wkh deryh prphqwv ri
wkh wuxh glvwulexwlrq1 Iurp +91;, dqg +91<,/ zh jhw

k '
2.d�2o�.d�o2

.d�2o� .d�o2
+9157,

q '
.d�2o�.d�o2

.d�o.d�2o
+9158,

Zh fdq qrz fdofxodwh wkh rswlrq sulfh iurp wkh iroorzlqj wkhruhp1
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Wkhruhp 43 Wkh Plohyvn| dqg Srvqhu sulfh dw wlph 3 ri wkh Dvldq rswlrq
zlwk pdwxulw| A dqg vwulnh g lv

� ' i TE�oA �.d�oCE �
g
mk� �c q�� i TE�oA �gCE

�

g
mkc q� +9159,

zkhuh CE�mkc q� lv wkh glvwulexwlrq ixqfwlrq ri wkh jdppd glvwulexwlrq zlwk
sdudphwhuv k dqg q rewdlqhg iurp +9157, dqg +9158,1

Surri1 Iurp +9148, dqg +919,

� ' i TE�oA �
]
"

g

E+ �g�}-E+mkc q�_+

' i TE�oA �
]
"

g

E+ �g�
�

+2
}E
�

+
mkc q�_+

Zh fkdqjh yduldeohv % ' �
+
vr _%

_+
' � �

+2
/ zklfk ohdgv wr

� ' i TE�oA �
] f

�

g

�E �
%
�g�}E%mkc q�_%

' i TE�oA �
] �

g

f

E
�

%
�g�}E%mkc q�_%

' i TE�oA �
] �

g

f

�

%
}E%mkc q�_%� i TE�oA �g

] �

g

f

}E%mkc q�_%

' i TE�oA �
] �

g

f

�

qEk� ��
}E%mk� �c q�_%� i TE�oA �gCE

�

g
mkc q�

' i TE�oA � �

qEk� ��
CE

�

g
mk� �c q�� i TE�oA �gCE

�

g
mkc q�

zkhuh zh kdyh xvhg +917,1 Vlqfh �� ' .d�o e| fkrlfh ri dssur{lpdwlqj
glvwulexwlrq dqg �� '

�
qEk3��

iurp +91:,/ zh jhw wkh zdqwhg h{suhvvlrq

� ' i TE�oA �.d�oCE �
g
mk� �c q�� i TE�oA �gCE

�

g
mkc q�

Qrwh krz wkh sulflqj irupxod +9159, lv vlplodu wr wkh Eodfn0Vfkrohv irupxod
+516, zlwk xE_�� dqg xE_2� uhsodfhg zlwk CE �

g
mk� �c q� dqg CE �

g
mkc q�1

91516 Phwkrg ryhuylhz

Wkh Plohyvn| dqg Srvqhu dojrulwkp fdq eh vxppdul}hg dv iroorzv
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� Fdofxodwh wkh �uvw wzr prphqwv ri wkh dulwkphwlf dyhudjh ri wkh vwrfn
sulfh1

� Pdwfk wkh �uvw wzr prphqwv ri wkh dssur{lpdwlqj glvwulexwlrq wr wkh
prphqwv deryh dqg fdofxodwh wkh sdudphwhuv ri wkh uhflsurfdo jdppd
glvwulexwlrq1

� Fdofxodwh wkh Dvldq rswlrq sulfh xvlqj Wkhruhp 431

91517 Frqwlqxrxv dyhudjlqj

Iru wkh vdnh ri frpsohwhqhvv/ zh vkdoo dovr wdnh d orrn dw wkh Plohyvn| dqg
Srvqhu phwkrg zlwk frqwlqxrxv dyhudjlqj1 Gh�qh wkh vfdohg lqwhjudo

U '
�

7f

] A

f

7�_� +915:,

vr wkh frqwlqxrxv dyhudjh lv

� '
�

A

] A

f

7�_� '
7f
A
U +915;,

Wkh olplwlqj glvwulexwlrq ri U lv wkh uhflsurfdo jdppd glvwulexwlrq dv vwdwhg
lq wkh qh{w wkhruhp1

Wkhruhp 44 Ohw

U" ' *�4
A<"

U '
�

7f
*�4
A<"

] A

f

7�_� +915<,

Dvvxph o � ^ � �
2
j2 	 f1 Wkhq U" lv uhflsurfdoo| jdppd glvwulexwhg zlwk

sdudphwhuv � n 2E^3o�
j2

dqg �
2
j2 zklfk lv htxlydohqw wr

U3�
"
� KE� n

2E^ � o�

j2
c
�

2
j2� +9163,

Surri1 Vhh Dsshqgl{ D ri ^Plohyvn| dqg Srvqhu/ 4<<;`
Qrwh wkdw wkh uhvxow lv rqo| ydolg zkhq o� ^� �

2
j2 	 f1 Wklv phdqv wkdw

zh vkrxog h{shfw wkh Plohyvn| dqg Srvqhu phwkrg wr shuirup ehvw zkhq
wkh yrodwlolw| j lv kljk dqg2ru zkhq wkh vwrfn glylghqg ^ lv juhdwhu wkdq wkh
lqwhuhvw udwh o1
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Dffruglqj wr ^Plohyvn| dqg Srvqhu/ 4<<;`/ wkh �uvw wzr ulvn qhxwudo pr0
phqwv ri wkh dyhudjh duh iru o 9' ^

.d�o ' 7f
i TEEo � ^�A �� �

Eo � ^�A
+9164,

.d�2o ' 2
72f
A 2
i i TEE2Eo � ^� n j2�A

Eo � ^ n j2�E2o � 2^ n j2�

n
�

o � ^
d

�

2Eo � ^� n j2
� i TEEo � ^�A �

o � ^ n j2
oj +9165,

dqg iru o ' ^

.d�o ' 7f +9166,

.d�2o ' 2
72
f

A 2

i TEj2A �� �� j2A

je
+9167,

Zh fdq qrz fdofxodwh wkh sdudphwhuv k dqg q ri wkh dssur{lpdwlqj uhflsurfdo
jdppd glvwulexwlrq iurp +9157, dqg +9158,1 Wkh sulflqj irupxod lv jlyhq lq
wkh iroorzlqj wkhruhp1

Wkhruhp 45 Wkh Plohyvn| dqg Srvqhu sulfh dw wlph 3 ri wkh frqwlqxrxv
dyhudjlqj Dvldq rswlrq zlwk pdwxulw| A dqg vwulnh g lv

� ' 7f
i TE�^A �� i TE�oA �

Eo � ^�A
CE

�

g
mk� �c q�

� i TE�oA �gCE
�

g
mkc q� +9168,

iru o 9' ^ dqg

� ' 7f i TE�oA �CE �
g
mk� �c q�� i TE�oA �gCE

�

g
mkc q� +9169,

iru o ' ^1

Surri1 Lqvhuw +9164, dqg +9166, uhvshfwlyho| lqwr +9159,1

916 Qxphulfdo uhvxowv

Vrph ri wkh txhvwlrqv zh zrxog olnh wr dqvzhu lq wklv vhfwlrq duh

41 Lv wkh uhflsurfdo jdppd glvwulexwlrq d ehwwhu fkrlfh iru dssur{lpdwlqj
wkh dulwkphwlf dyhudjh wkdq wkh orjqrupdo glvwulexwlrqB Lq rwkhu zrugv/
lv wkh Plohyvn| dqg Srvqhu +PS, phwkrg ehwwhu wkdq wkh Ohy| phwkrgB
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51 Krz lv wkh dffxudf| ri wkh PS phwkrg d�hfwhg zkhq zh lqfuhdvh wkh
vwrfn glylghqg ^B

61 Fdq zh lpsuryh wkh PS phwkrg e| fruuhfwlqj iru gl�huhqfhv lq vnhz0
qhvv dqg nxuwrvlv dv wkh Wxuqexoo dqg Zdnhpdq +WZ, phwkrg grhvB

71 Zkdw lv wkh uhodwlrqvkls ehwzhhq wkh glvfuhwh dqg frqwlqxrxv dyhudjlqj
sulfhvB

Wdeoh 914 frqwdlqv rswlrq sulfhv iru gl�huhqw ydoxhv ri vwrfn sulfh yrodwlolw|
j/ vwulnh sulfh g/ qxpehu ri sulfhv lq wkh dyhudjh ? dqg pdwxulw| A 1 Wkh
Prqwh Fduor vlpxodwlrq kdv ehhq fduulhg rxw zlwk 83/333 sdwkv dqg wkh
jhrphwulf rswlrq sulfh dv frqwuro yduldwh/ fi1 Fkdswhu 71 Xqohvv rwkhuzlvh
phqwlrqhg wkh vwrfn glylghqg/ wkh lqwhuhvw udwh dqg wkh lqlwldo vwrfn sulfh
kdyh ehhq �{hg dw

^ ' fc o ' f�fDc 7f ' �ff +916:,

Zh kdyh lqfoxghg erwk glvfuhwh dqg frqwlqxrxv dyhudjlqj sulfhv/ fi1 +9159,
dqg +9168,/ dv zhoo dv sulfhv rewdlqhg e| xvlqj d jhqhudol}hg Hgjhzruwk vhulhv
h{sdqvlrq +PS5,1 Wkh uhflsurfdo jdppd glvwulexwlrq kdv doo wkh qhfhvvdu|
surshuwlhv wr doorz xv wr ghyhors vlplodu uhvxowv dv lq Fkdswhu 81 Wkxv/ iurp
d wkhruhwlfdo ylhzsrlqw PS5 kdv wkh srwhqwldo wr eh mxvw dv jrrg dv wkh
Wxuqexoo dqg Zdnhpdq phwkrg1 Xqiruwxqdwho| wklv lv qrw wkh fdvh dv zh
vkdoo vhh1

Wr dqvzhu wkh �uvw txhvwlrq zh orrn dw Iljxuh 914 dqg Iljxuh 9151 Lw
dsshduv wkdw wkh dffxudf| ri wkh Plohyvn| dqg Srvqhu phwkrg lv pruh ru ohvv
vlplodu wr wkh dffxudf| ri wkh Ohy| phwkrg/ fi1 Fkdswhu 81 Wkh lpsruwdqw
gl�huhqfh lv wkdw zkhq PS xqghusulfhv wkhq Ohy| ryhusulfhv dqg ylfh yhuvd1
Edvhg rq wklv/ dq reylrxv zd| wr lpsuryh wkh dffxudf| lv wr xvh wkh dyhudjh
ri wkh wzr sulfhv1 Qxphulfdo uhvxowv +looxvwudwhg lq Vhfwlrq :15 dqg Vhfwlrq
;15, vkrz wkdw wklv dssurdfk lv ehwwhu wkdq dq| ri wkh phwkrgv zh kdyh vhhq
vr idu/ exw dovr wkdw lw fdq qrw frpshwh zlwk wkh Fxuudq phwkrg lq Fkdswhu ;1
Vlqfh wkh PS dqg Ohy| phwkrgv pdwfk wkh dssur{lpdwlqj glvwulexwlrq wr wkh
�uvw wzr prphqwv ri wkh wuxh glvwulexwlrq/ wkh sulfh gl�huhqfhv revhuyhg duh
fdxvhg e| wkh kljkhu prphqwv1 Iljxuh 915 vkrzv wkh ghqvlw| ri wkh orjqrupdo
glvwulexwlrq vxewudfwhg e| wkh ghqvlw| ri wkh uhflsurfdo jdppd glvwulexwlrq1

Wkh dvvxpswlrq lq Wkhruhp 44 zdv wkdw o � ^ � �
2
j2 	 f/ exw Iljxuh

914 vkrzv wkdw wkh PS phwkrg lv qrw jrrg iru sulflqj rswlrqv zlwk kljk
yrodwlolwlhv1 Ohw xv wkhq wdnh d orrn dw wkh vwrfn glylghqg ^1 Wdeoh 915
frqwdlqv sulfhv ri Dvldq rswlrqv zlwk ydulrxv vwulnh sulfhv iru wkuhh gl�huhqw
ydoxhv ri wkh vwrfn glylghqg1 Wkhvh sulfhv duh looxvwudwhg lq Iljxuh 916 zkhuh
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zh vhh wkdw dq lqfuhdvh lq ^ ohdgv wr d sdudooho vkliw dorqj wkh �uvw d{lv1
Wkh pdjqlwxgh ri wkh pd{lpxp ghyldwlrq iurp wkh Prqwh Fduor hvwlpdwh lv
dssur{lpdwho| wkh vdph iru gl�huhqw ydoxhv ri ^/ vr zh frqfoxgh wkdw wkh PS
phwkrg lv qrw pruh suhflvh iru kljk vwrfn glylghqgv1

Zh vdz lq Fkdswhu 8 wkdw wkh WZ dojrulwkp shuiruphg ehwwhu wkdq wkh
Ohy| phwkrg lq prvw fdvhv1 Wklv kdv lqvsluhg xv wr lpsuryh wkh PS phwkrg
lq d vlplodu idvklrq1 Wkh sulfhv odehoohg PS5 kdyh ehhq fdofxodwhg e| phdqv
ri wkh Wxuqexoo dqg Zdnhpdq dojrulwkp zlwk d uhflsurfdo jdppd glvwulex0
wlrq dv dssur{lpdwlqj glvwulexwlrq1 Wkh prphqwv dqg fxpxodqwv duh re0
wdlqhg iurp +9157,0+9158,/ +91:, dqg +815:,0+8163, dqg wkh ghulydwlyhv ri wkh
uhflsurfdo jdppd ghqvlw| dsshdu iurp Dsshqgl{ F1 Iljxuh 914 dqg Iljxuh
915 vkrz wkdw wkh dffxudf| kdv lpsuryhg iru doo yrodwlolwlhv dqg iru prvw ri
wkh vwulnh sulfhv1 Lq frqwudvw/ lw lv hylghqw iurp Iljxuh 914 wkdw PS5 lv h{0
wuhpho| vhqvlwlyh wr lqfuhdvhv lq pdwxulw| dqg shuirupv zruvh wkdq wkh PS
phwkrg iru A : 21 Pruhryhu/ frpsdulvrqv +vhh Vhfwlrq :15, vkrz wkdw wkh
WZ sulfhv lq jhqhudo duh ehwwhu wkdq wkh PS5 sulfhv1

Wdeoh 916 dqg Iljxuh 916 vkrz krz wkh glvfuhwh dyhudjlqj sulfhv frqyhujh
wr wkh frqwlqxrxv dyhudjlqj sulfhv iru erwk PS dqg PS51 Hyhq iru 453 sulfhv
lq wkh dyhudjh wkhuh lv d gl�huhqfh ri dssur{lpdwho| 709 fhqwv/ zklfk lpsolhv
wkdw lw lv qrw uhfrpphqgdeoh wr xvh prghov zlwk frqwlqxrxv dyhudjlqj zkhq
wkh rswlrq lq txhvwlrq lv edvhg rq d glvfuhwh dyhudjh1
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� k ? A PF vg PS PS f PS5

3138 433 45 4 51<6 313334 51<6 51:4 q2d
3143 433 45 4 61<3 313337 61<3 6197 q2d
3148 433 45 4 8134 31333< 8133 719; q2d
3153 433 45 4 9149 313349 9146 81:8 9149
3158 433 45 4 :164 313357 :15: 91;6 :166
3163 433 45 4 ;17: 313368 ;175 :1<4 ;183
3168 433 45 4 <197 31337< <188 ;1<; <19;
3173 433 45 4 431;3 313398 4319; 43138 431;9
3178 433 45 4 441<9 3133;8 441;3 44145 45137
3183 433 45 4 46144 31343: 451<3 4514: 46154
3153 433 45 318 7144 31333: 7143 61;8 q2d
3153 433 45 413 9149 313349 9146 81:8 9149
3153 433 45 418 :1;7 313358 :1;3 :163 :1;9
3153 433 45 513 <165 313367 <159 ;199 <16:
3153 433 45 518 43199 313378 4318; <1;< 431:8
3153 433 45 613 441<3 313388 441:< 44135 45139
3153 433 45 618 46138 313399 451<5 4513: 46163
3153 433 45 713 47147 3133:; 461<; 46138 47184
3153 433 45 718 48149 3133<3 471<: 461<: 481:3
3153 433 45 813 49145 313435 481<4 471;7 491;<
3153 433 45 4 9149 313349 9146 81:8 9149
3153 433 57 4 81<9 313349 81<7 81:8 81<:
3153 433 69 4 81<3 313349 81;; 81:8 81<3
3153 433 7; 4 81;9 313349 81;7 81:8 81;:
3153 433 93 4 81;7 313349 81;5 81:8 81;8
3153 :3 45 4 64149 313348 64149 631<9 64149
3153 :8 45 4 59175 313348 59174 59153 59174
3153 ;3 45 4 541:5 313348 541:4 5417< 541:4
3153 ;8 45 4 4:149 313348 4:147 491;; 4:14:
3153 <3 45 4 451<5 313348 451;; 4518: 451<7
3153 <8 45 4 <14< 313348 <149 ;1:< <154
3153 433 45 4 9149 313349 9146 81:8 9149
3153 438 45 4 61;: 313349 61;: 6184 61;:
3153 443 45 4 515< 313348 5164 5133 515;
3153 448 45 4 415; 313348 4163 413: 415:
3153 453 45 4 319: 313346 31:3 3188 319:
3153 458 45 4 3167 313345 3169 3159 3167
3153 463 45 4 3149 313343 314; 3145 3149

Wdeoh 914= Rswlrq sulfhv iru gl�huhqw yrodwlolwlhv/ pdwxulwlhv/ vwulnh sulfhv dqg
qxpehu ri sulfhv lq wkh dyhudjh1 PS= Plohyvn| dqg Srvqhu1 PS f= PS zlwk
frqwlqxrxv dyhudjlqj1 PS5= PS zlwk fxpxodqw fruuhfwlrq ã od Wxuqexoo dqg
Zdnhpdq1
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� k ? ^ A PF vg PS PS f PS5

3153 :3 45 3137 4 5<139 313346 5<139 5<135 5<138
3153 :8 45 3137 4 57165 313346 57165 5715: 57164
3153 ;3 45 3137 4 4<199 313346 4<197 4<18: 4<198
3153 ;8 45 3137 4 4814< 313346 48149 48137 48153
3153 <3 45 3137 4 44144 313346 4413; 431;; 44146
3153 <8 45 3137 4 :198 313346 :195 :169 :199
3153 433 45 3137 4 71<6 313346 71<5 7196 71<6
3153 438 45 3137 4 51<: 313346 51<; 51:4 51<:
3153 443 45 3137 4 419; 313346 41:4 417; 419:
3153 448 45 3137 4 31<3 313345 31<5 31:9 31;<
3153 453 45 3137 4 3178 313344 317; 316: 3178
3153 458 45 3137 4 3155 31333< 3157 314: 3155
3153 463 45 3137 4 3143 31333: 3144 313; 3143
3153 :3 45 313; 4 5:134 313345 5:134 5:146 5:134
3153 :8 45 313; 4 5515< 313345 5515; 5516< 5515;
3153 ;3 45 313; 4 4:19: 313345 4:198 4:1:5 4:19:
3153 ;8 45 313; 4 46164 313345 4615; 4615; 46166
3153 <3 45 313; 4 <177 313345 <174 <165 <179
3153 <8 45 313; 4 915: 313345 9157 913: 915:
3153 433 45 313; 4 61;; 313344 61;: 6199 61;:
3153 438 45 313; 4 5157 313344 5158 5138 5156
3153 443 45 313; 4 4154 313344 4157 413: 4153
3153 448 45 313; 4 3195 313343 3197 3186 3194
3153 453 45 313; 4 3163 31333; 3165 3157 3163
3153 458 45 313; 4 3147 31333: 3148 3144 3147
3153 463 45 313; 4 3139 313339 313: 3138 3139
3153 :3 45 3145 4 58136 313345 58135 5815< 58135
3153 :8 45 3145 4 53165 313345 53164 53189 53165
3153 ;3 45 3145 4 481:: 313344 481:7 481<7 481::
3153 ;8 45 3145 4 44188 313344 44185 44195 4418:
3153 <3 45 3145 4 :1<5 313344 :1;< :1;; :1<7
3153 <8 45 3145 4 8138 313343 8137 71<6 8139
3153 433 45 3145 4 6133 313343 6133 51;8 51<<
3153 438 45 3145 4 4198 31333< 419: 4186 4197
3153 443 45 3145 4 31;8 31333< 31;; 31:9 31;8
3153 448 45 3145 4 3174 31333; 3177 3169 3174
3153 453 45 3145 4 314< 31333: 3154 3149 314<
3153 458 45 3145 4 313; 313338 3143 313: 313<
3153 463 45 3145 4 3136 313337 3137 3136 3137

Wdeoh 915= Rswlrq sulfhv iru gl�huhqw vwulnh sulfhv dqg vwrfn glylghqgv1 PS=
Plohyvn| dqg Srvqhu1 PS f= PS zlwk frqwlqxrxv dyhudjlqj1 PS5= PS zlwk
fxpxodqw fruuhfwlrq ã od Wxuqexoo dqg Zdnhpdq1
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Iljxuh 914= Rswlrq sulfhv ohvv Prqwh Fduor hvwlpdwhv1 PS= Plohyvn| dqg
Srvqhu1 PS5= PS zlwk fxpxodqw fruuhfwlrq ã od Wxuqexoo dqg Zdnhpdq1
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Iljxuh 915= Wrs= Rswlrq sulfhv ohvv Prqwh Fduor hvwlpdwhv1 PS= Plohyvn|
dqg Srvqhu1 PS5= PSzlwk fxpxodqw fruuhfwlrq ã od Wxuqexoo dqgZdnhpdq1
Erwwrp= Gl�huhqfh ehwzhhq wkh orjqrupdo ghqvlw| dqg wkh uhflsurfdo jdppd
ghqvlw| iru wkh vdph phdq dqg yduldqfh1
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Iljxuh 916= Wrs= Plohyvn| dqg Srvqhu rswlrq sulfhv ohvv Prqwh Fduor hvwl0
pdwhv iru gl�huhqw vwrfn glylghqgv ^1 Erwwrp= Gl�huhqfh ehwzhhq Plohyvn|
dqg Srvqhu rswlrq sulfhv zlwk glvfuhwh dqg frqwlqxrxv dyhudjlqj1 PS=
Plohyvn| dqg Srvqhu1 PS5= PS zlwk fxpxodqw fruuhfwlrq ã od Wxuqexoo
dqg Zdnhpdq1
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� k ? A PS PS f PS5

3153 433 45 4 9146 81:8 9149
3153 433 57 4 81<7 81:8 81<:
3153 433 69 4 81;; 81:8 81<3
3153 433 7; 4 81;7 81:8 81;:
3153 433 93 4 81;5 81:8 81;8
3153 433 :5 4 81;4 81:8 81;6
3153 433 ;7 4 81;3 81:8 81;5
3153 433 <9 4 81;3 81:8 81;5
3153 433 43; 4 81:< 81:8 81;4
3153 433 453 4 81:< 81:8 81;4

Wdeoh 916= Rswlrq sulfhv iru gl�huhqw qxpehuv ri sulfhv lq wkh dyhudjh1 PS=
Plohyvn| dqg Srvqhu1 PS f= PS zlwk frqwlqxrxv dyhudjlqj1 PS5= PS zlwk
fxpxodqw fruuhfwlrq ã od Wxuqexoo dqg Zdnhpdq1

91614 Frqfoxvlrq

Rxu uhvxowv vkrz qr lqglfdwlrq wkdw wkh uhflsurfdo jdppd glvwulexwlrq lv d
ehwwhu dssur{lpdwlrq wr wkh glvwulexwlrq ri wkh dulwkphwlf vwrfn sulfh dyhudjh
wkdq wkh orjqrupdo glvwulexwlrq1 Wkh sulflqj huuruv ri wkh Plohyvn| dqg
Srvqhu phwkrg dqg wkh Ohy| phwkrg vhhp wr eh qhjdwlyho| fruuhodwhg/ vr zh
vxjjhvwhg wkdw wdnlqj wkh dyhudjh ri wkh sulfhv zrxog lpsuryh wkh dffxudf|/
zklfk zdv vxssruwhg e| qxphulfdo uhvxowv1

^Plohyvn| dqg Srvqhu/ 4<<;` vwdwh wkdw wkh sulflqj phwkrg vkrxog shu0
irup dw lwv ehvw zkhq ^ : o/ exw rxu uhvxowv vkrz qr qrwhzruwk| lqfuhdvh
lq dffxudf| iru rswlrqv zlwk kljk vwrfn glylghqgv1 Lqfuhdvlqj ^ iru �{hg g
lpsolhv wkdw wkh rswlrq*v suredelolw| ri �qlvklqj lq0wkh0prqh| lv ghfuhdvlqj/
zklfk h{sodlqv wkh vkliw vhhq lq Iljxuh 9161

Zh lpsuryhg wkh Plohyvn| dqg Srvqhu phwkrg wr wdnh gl�huhqfhv lq vnhz0
qhvv dqg nxuwrvlv lqwr dffrxqw exw/ dv lq wkh Wxuqexoo dqg Zdnhpdq fdvh/
wkh sulflqj huuruv jrw rxw ri frqwuro iru orqj pdwxulwlhv1 Ixuwkhupruh/ wklv
dssurdfk zdv grplqdwhg e| wkh WZ dojrulwkp iru prvw ydoxhv ri wkh vwulnh
sulfh1

Ilqdoo|/ zh frqfoxghg wkdw hyhq wkrxjk wkh glvfuhwh dyhudjh frqyhujh
wr wkh frqwlqxrxv dyhudjh/ wkhuh duh vxevwdqwldo sulfh gl�huhqfhv iru vpdoo
qxpehuv ri sulfhv lq wkh dyhudjh1 Vlqfh doo wudghg Dvldq rswlrqv duh edvhg
rq d glvfuhwh dyhudjh/ wklv lpsolhv wkdw frqwlqxrxv dyhudjlqj prghov vkrxog
eh xvhg zlwk fdxwlrq1
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Fkdswhu :

Yruvw phwkrg

^Yruvw/ 4<<5` jlyhv dq h{dfw sulflqj irupxod iru Dvldq rswlrqv edvhg rq d
jhrphwulf dyhudjh1 Kh xvhv wklv wr dssur{lpdwh wkh dulwkphwlf Dvldq rswlrq
sulfh e| dgmxvwlqj wkh vwulnh sulfh zlwk wkh gl�huhqfh lq h{shfwdwlrq ri wkh
dulwkphwlf dqg jhrphwulf dyhudjhv1 Ixuwkhupruh/ kh rewdlqv xsshu dqg orzhu
erxqgv rq wkh sulfh1

:14 Phwkrg

:1414 Prgho

Wkh vwrfn sulfh lv jlyhq e|

7| ' 7f i TEEo � ^ � �

2
j2�|n j`|� +:14,

Wkh jhrphwulf dyhudjh lv

C ' E
?\
�'�

7|��
�

? +:15,

dqg wkh dulwkphwlf dyhudjh lv

� '
�

?

?[
�'�

7|� +:16,

zkhuh wkh dyhudjlqj wlphv dv xvxdo duh htxlglvwdqw

|� ' ��c � '
A

?
c � ' �c 2c ���c ? +:17,

9<
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:1415 Jhrphwulf Dvldq rswlrq

Iurp +:15, wkh qdwxudo orjdulwkp ri wkh jhrphwulf dyhudjh lv

*?C '
�

?

?[
�'�

*?7|� ' *?7f n
�

?

?[
�'�

*?
7|�
7f

+:18,

+:14, jlyhv wkdw

*?
7|�
7f

' Eo � ^ � �

2
j2�|� n j`|�

� �EEo � ^ � �

2
j2�|�c j

2|��c � ' �c 2c ���c ? +:19,

Vlqfh wkh Eurzqldq Prwlrq kdv lqghshqghqw lqfuhphqwv/ zh frqfoxgh iurp
+:18, dqg +:19, wkdw *?C lv qrupdoo| glvwulexwhg dqg zh vkdoo qrz �qg wkh
phdq >C dqg wkh yduldqfh j2C1

Wkh phdq ri *?C lv

>C ' *?7f n
�

?

?[
�'�

.d*?
7|�
7f

o

' *?7f n
�

?

?[
�'�

Eo � ^ � �

2
j2�|�

' *?7f n
�

?
Eo � ^ � �

2
j2�

?[
�'�

��

' *?7f n
�

?
Eo � ^ � �

2
j2��

?n �

2
?

' *?7f n Eo � ^ � �

2
j2�

A n �

2
+:1:,

zkhuh zh kdyh xvhg wkh vxppdwlrq irupxod

?[
�'�

� '
?n �

2
? +:1;,
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Wkh yduldqfh ri *?C lv

j2C '
�

?2

?[
�'�

?[
�'�

�J�E*?
7|�
7f

c *?
7|�
7f

�

'
�

?2

?[
�'�

?[
�'�

j2�J�E`|� c`|��

'
j2

?2

?[
�'�

?[
�'�

4�?E|�c |��

'
j2�

?2

?[
�'�

?[
�'�

4�?E�c �� +:1<,

Wr fdofxodwh wkh grxeoh vxp zh xvh wkh vxppdwlrq irupxod +:1;, dqg

?[
�'�

�2 '
E2?n ��E?n ��?

S
+:143,

Zh jhw

?[
�'�

?[
�'�

4�?E�c �� '

?[
�'�

�[
�'�

4�?E�c �� n

?[
�'�

?[
�'�n�

4�?E�c ��

'
?[
�'�

�[
�'�

� n
?[
�'�

?[
�'�n�

�

'

?[
�'�

�n �

2
�n

?[
�'�

E?� ���

'
�

2

?[
�'�

E�2 n �n 2?�� 2�2�

'
�

2

?[
�'�

EE2?n ���� �2�

'
2?n �

2

?[
�'�

�� �

2

?[
�'�

�2

'
2?n �

2

?n �

2
?� �

2

E2?n ��E?n ��?

S

'
E2?n ��E?n ��?

S
+:144,
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Wkh yduldqfh fdq qrz eh h{suhvvhg dv

j2C '
j2�

?2

?[
�'�

?[
�'�

4�?E�c ��

'
j2�

?2
E2?n ��E?n ��?

S

' j2�
E2?n ��E?n ��

S?
+:145,

Iru hdvlhu frpsdulvrq zlwk ^Yruvw/ 4<<5`/ zh fdq dovr zulwh

j2C ' j2�
E2?� ��E?� �� n S?

S?

' j2E�E?� ��
E2?� ��

S?
n ��

' j2E�n EA � ��
E2?� ��

S?
� +:146,

Zh kdyh vhhq wkdw *?C � �E>Cc j
2
C�/ vr wkh jhrphwulf dyhudjh C lv

orjqrupdoo| glvwulexwhg dqg zh duh qrz deoh wr sulfh wkh rswlrq edvhg rq
wkh jhrphwulf dyhudjh1

Wkhruhp 46 Wkh sulfh dw wlph 3 ri wkh jhrphwulf Dvldq rswlrq zlwk vwulnh
g dqg pdwxulw| A lv

�C ' i TE�oA �ii TE>C n
�

2
j2C�xE_���gxE_2�j +:147,

zkhuh

_� '
>C � *?g n j2C

jC
+:148,

_2 ' _� � jC +:149,

Surri1 Wkh sd|r� ri wkh rswlrq lv �@%EC�gc f� vr wkh sulfh lv

�C ' i TE�oA �.dEC�g�no

' i TE�oA �
]
"

g

E%�g�}E%�_%

zkhuh } lv wkh orjqrupdo ghqvlw| ixqfwlrq ri C1 Wkh uhvxow qrz iroorzv iurp
wkh surri ri Wkhruhp ;1
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:1416 Dulwkphwlf rswlrq sulfh dqg erxqgv

Vlqfh wkh jhrphwulf dyhudjh lv ohvv wkdq wkh dulwkphwlf dyhudjh/ C � �/ wkh
jhrphwulf rswlrq sulfh lv d orzhu erxqg iru wkh dulwkphwlf rswlrq sulfh

�C ' i TE�oA �.dEC�g�no � i TE�oA �.dE��g�no ' � +:14:,

Wkh lqhtxdolw|

4@ E��gc f� ' 4@ EC�gcC� �� n��C

� 4@ EC�gc f� n��C +:14;,

ohdgv wr wkh xsshu erxqg

i TE�oA �.d4@ EC�gc f� n��Co

' i TE�oA �i.dEC�g�no n.d�o� .dCoj
' �C n i TE�oA �E.d�o� .dCo� +:14<,

Wkxv/ zh kdyh rewdlqhg wkh iroorzlqj erxqgv rq wkh dulwkphwlf rswlrq sulfh

�C � � � �C n i TE�oA �E.d�o�.dCo� +:153,

Wr fdofxodwh wkh xsshu erxqg zh pxvw fdofxodwh wkh phdq ri wkh dulwkphwlf
dyhudjh1 Iurp +:14,/ +:16,/ +:19, dqg +8166,

.d�o ' .d
�

?

?[
�'�

7|�o

'
7f
?

?[
�'�

.d
7|�
7f

o

'
7f
?

?[
�'�

i TEEo � ^ � �

2
j2�|� n

�

2
j2|��

'
7f
?

?[
�'�

i TEEo � ^����

'
7f
?

eEo3^�� � eEo3^�E?n���

�� eEo3^��

'
7f
?
eEo3^��

�� eEo3^�?�

�� eEo3^��
+:154,

zkhuh zh kdyh xvhg wkh vxppdwlrq irupxod
?[
�'�

e@� '
e@ � e@E?n��

�� e@
c @ 9' f +:155,
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Vlqfh C lv orjqrupdoo| glvwulexwhg zlwk sdudphwhuv >C dqg j2C wkh phdq ri
wkh jhrphwulf dyhudjh lv

.dCo ' i TE>C n
�

2
j2C� +:156,

Rqfh lw kdv ehhq hvwdeolvkhg wkdw d sulfh lv lq d fhuwdlq lqwhuydo/ lw lv
whpswlqj wr dssur{lpdwh wkh sulfh zlwk wkh ydoxh ri wkh lqwhuydo plgsrlqw1
^Yruvw/ 4<<5` wdnhv dqrwkhu dssurdfk vlqfh kh dssur{lpdwhv wkh dulwkphwlf
rswlrq sulfh zlwk wkh sulfh ri d jhrphwulf rswlrq zlwk d grzqzdug dg0
mxvwhg vwulnh1 Wkh udwlrqdoh lv wkdw wkh jhrphwulf dqg dulwkphwlf dyhudjhv
duh vwurqjo| fruuhodwhg dqg vr duh wkh sulfhv ri wkh fruuhvsrqglqj rswlrqv1
Pruhryhu/ sulflqj zlwk d orzhu vwulnh zloo wr vrph h{whqw frpshqvdwh iru wkh
idfw wkdw wkh jhrphwulf rswlrq sulfh lv dozd|v orzhu wkdq wkh dulwkphwlf rqh1

Wkhruhp 47 Gh�qh wkh Yruvw sulfh dw wlph 3 ri wkh dulwkphwlf Dvldq rswlrq
zlwk vwulnh g dqg pdwxulw| A dv

�� ' i TE�oA �.dEC�g ��no +:157,

zkhuh wkh dgmxvwhg vwulnh sulfh lv

g � ' g � E.d�o� .dCo� +:158,

Wkh sulflqj irupxod lv wkhq

�� ' i TE�oA �ii TE>C n
�

2
j2C�xE_

�

���g �xE_�2�j +:159,

zkhuh >C dqg j2C duh rewdlqhg iurp +:1:, dqg +:145, dqg

_�� '
>C � *?g � n j2C

jC
+:15:,

_�2 ' _�� � jC +:15;,

Wkh dssur{lpdwh rswlrq sulfh �� lv dovr lq ehwzhhq wkh xsshu dqg orzhu erxqgv
lq +:153,/ zklfk lpsolhv wkdw wkh sulflqj huuru lv erxqghg e|��� �� � �

��� � i TE�oA �E.d�o� .dCo� +:15<,

Surri1 +:159, iroorzv gluhfwo| iurp dsso|lqj Wkhruhp 46 wr wkh jhrphwulf
Dvldq rswlrq zlwk vwulnh g �/ fi1 +:158,1 Zh kdyh wr vkrz wkdw wkh sulfh �� lv
lq ehwzhhq wkh erxqgv lq +:153,1 Vlqfh

4@ EC�gc f� � 4@ EC�g n.d�o� .dCoc f�

' 4@ EC�gc.dCo� .d�o� n.d�o� .dCo

� 4@ EC�gc f� n.d�o� .dCo
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lw iroorzv wkdw

�C ' i TE�oA �.dEC�g�no

� i TE�oA �.dEC�g n.d�o� .dCo�no

' ��

� i TE�oA �.dEC�g�n n.d�o� .dCoo

' �C n i TE�oA �E.d�o� .dCo�

Wkh vdph erxqgv dsso| iru wkh wuxh sulfh �/ fi1 +:153,/ vr zh frqfoxgh wkdw
wkh devroxwh gl�huhqfh ehwzhhq �� dqg � lv ohvv wkdq wkh gl�huhqfh ehwzhhq
wkh xsshu erxqg dqg wkh orzhu erxqg��� �� � �

��� � �C n i TE�oA �E.d�o� .dCo�� �C

' i TE�oA �E.d�o� .dCo�

:1417 Phwkrg ryhuylhz

Wkh Yruvw phwkrg fdq eh vxppdul}hg dv iroorzv

� Fdofxodwh wkh gl�huhqfh ri wkh phdq ri wkh dulwkphwlf dqg jhrphwulf
dyhudjhv1

� Uhgxfh wkh vwulnh sulfh e| wkh gl�huhqfh deryh1

� Xvh Wkhruhp 47 wr fdofxodwh wkh sulfh ri wkh dulwkphwlf Dvldq rswlrq1

� Rewdlq wkh sulflqj erxqgv lq +:153, rq wkh dulwkphwlf Dvldq rswlrq e|
fdofxodwlqj wkh sulfh ri wkh jhrphwulf Dvldq rswlrq lq Wkhruhp 461

:15 Qxphulfdo uhvxowv

Wdeoh :14 frqwdlqv rswlrq sulfhv iru gl�huhqw ydoxhv ri vwrfn sulfh yrodwlolw| j/
vwulnh sulfhg/ qxpehu ri sulfhv lq wkh dyhudjh ? dqg pdwxulw| A 1 Wkh Prqwh
Fduor vlpxodwlrq kdv ehhq fduulhg rxw zlwk 83/333 sdwkv dqg wkh jhrphwulf
rswlrq sulfh dv frqwuro yduldwh/ fi1 Fkdswhu 71 Xqohvv rwkhuzlvh phqwlrqhg
wkh vwrfn glylghqg/ wkh lqwhuhvw udwh dqg wkh lqlwldo vwrfn sulfh kdyh ehhq
�{hg dw

^ ' fc o ' f�fDc 7f ' �ff +:163,
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Zh vhh wkdw wkh erxqgv odehoohg �R dqg �C duh yhu| srru lq wkh vhqvh wkdw
wkh| duh idu dzd| iurp wkh Prqwh Fduor hvwlpdwh1 Iljxuh :14 vkrzv wkdw wkh
dffxudf| ri wkh Yruvw phwkrg ghwhulrudwhv dv yrodwlolw| dqg pdwxulw| lqfuhdvh1
Lw dsshduv iurp Iljxuh :15 wkdw wkh Yruvw phwkrg voljkwo| ryhusulfhv lq0wkh0
prqh| rswlrqv zkloh dw0wkh0prqh| dqg rxw0ri0wkh0prqh| rswlrqv duh khdylo|
xqghusulfhg1 Zkhq zh wklqn ri lw/ wkh vxevwdqwldo sulflqj huuruv vkrxog qrw
frph dv d elj vxusulvh/ vlqfh zh dssur{lpdwh wkh dulwkphwlf dyhudjh zlwk d
orjqrupdo glvwulexwlrq dqg rqo| fruuhfw iru wkh phdq1

Wkh wdeoh dqg wkh �jxuhv lq wklv vhfwlrq kdyh dovr ehhq xvhg wr looxvwudwh
wzr srlqwv iurp wkh suhylrxv fkdswhu1 Wkh �uvw srlqw lv wkdw wdnlqj wkh dyhu0
djh ri wkh Ohy| sulfh dqg wkh Plohyvn| dqg Srvqhu sulfh +PSOhy|2PS.O,
ohdgv wr d vxshulru dffxudf| frpsduhg wr doo wkh rwkhu phwkrgv zh kdyh
frqvlghuhg vr idu1 Wkh vhfrqg srlqw lv wkdw wkh jhqhudol}hg Hgjhzruwk vh0
ulhv h{sdqvlrq lv ehwwhu vxlwhg iru d orjqrupdo glvwulexwlrq +WZ, wkdq iru d
uhflsurfdo jdppd glvwulexwlrq +PS5,1

:1514 Frqfoxvlrq

Wkh Yruvw phwkrg lv wkh �uvw phwkrg lq wklv wkhvlv wr hvwdeolvk erxqgv rq
wkh rswlrq sulfh1 Zh vdz wkdw wkh vdph erxqgv dssolhg wr erwk wkh wuxh
sulfh dqg wkh dssur{lpdwlrq exw xqiruwxqdwho| wkh| glg qrw frqvwudlq wkh
sulfhv hqrxjk wr eh xvhixo1 Qhlwkhu zhuh wkh Yruvw sulfhv yhu| hqfrxudjlqj
exw doo rxu h�ruwv kdyh qrw ehhq lq ydlq1 Zh xvhg wkh jhrphwulf dyhudjh wr
sulfh rswlrqv edvhg rq dq dulwkphwlf dyhudjh exw/ dv zh vkdoo vhh lq wkh qh{w
fkdswhu/ zh idu iurp xvhg doo lwv srwhqwldo1
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� k ? A PF vg Yruvw xs �C PS.O

3138 433 45 4 51<6 313334 51<6 51<6 51<3 51<6
3143 433 45 4 61<3 313337 61<3 61<6 61;7 61<3
3148 433 45 4 8134 31333< 8133 813: 71;; 8134
3153 433 45 4 9149 313349 9146 915: 81<7 9148
3158 433 45 4 :164 313357 :15: :184 91<< :164
3163 433 45 4 ;17: 313368 ;173 ;1:9 ;135 ;17:
3168 433 45 4 <197 31337< <186 43136 <137 <196
3173 433 45 4 431;3 313398 43199 44165 43136 431:<
3178 433 45 4 441<9 3133;8 441:: 45196 44133 441<7
3183 433 45 4 46144 31343: 451;9 461<8 441<7 4613<
3153 433 45 318 7144 31333: 7143 714: 7134 7144
3153 433 45 413 9149 313349 9146 915: 81<7 9148
3153 433 45 418 :1;7 313358 :1:; ;133 :183 :1;6
3153 433 45 513 <165 313367 <157 <185 ;1;8 <164
3153 433 45 518 43199 313378 43188 431;< 43138 43198
3153 433 45 613 441<3 313388 441:9 45149 44148 441;<
3153 433 45 618 46138 313399 451;; 46167 45149 46137
3153 433 45 713 47147 3133:; 461<6 47178 4613< 47145
3153 433 45 718 48149 3133<3 471<4 4817< 461<9 48147
3153 433 45 813 49145 313435 481;8 4917: 471:: 49143
3153 433 45 4 9149 313349 9146 915: 81<7 9148
3153 433 57 4 81<9 313349 81<6 913; 81:7 81<9
3153 433 69 4 81<3 313349 81;9 9134 819; 81;<
3153 433 7; 4 81;9 313349 81;6 81<; 8197 81;9
3153 433 93 4 81;7 313349 81;4 81<9 8196 81;7
3153 :3 45 4 64149 313348 64149 64149 631;6 64149
3153 :8 45 4 59175 313348 59175 59175 5913< 59175
3153 ;3 45 4 541:5 313348 541:5 541:6 54173 541:5
3153 ;8 45 4 4:149 313348 4:14: 4:153 491;9 4:149
3153 <3 45 4 451<5 313348 451<5 451<; 45197 451<5
3153 <8 45 4 <14< 313348 <14; <15; ;1<8 <14<
3153 433 45 4 9149 313349 9146 915: 81<7 9148
3153 438 45 4 61;: 313349 61;5 7135 619< 61;:
3153 443 45 4 515< 313348 5156 517; 5147 515<
3153 448 45 4 415; 313348 4155 4183 414: 415;
3153 453 45 4 319: 313346 3196 31<6 3193 319;
3153 458 45 4 3167 313345 3163 3195 315< 3167
3153 463 45 4 3149 313343 3147 317: 3146 3149

Wdeoh :14= Rswlrq sulfhv dqg erxqgv iru gl�huhqw yrodwlolwlhv/ pdwxulwlhv/
vwulnh sulfhv dqg qxpehu ri sulfhv lq wkh dyhudjh1 xs= Yruvw xsshu erxqg1
�C= Orzhu erxqg +jhrphwulf rswlrq sulfh,1 PS.O= Dyhudjh ri Ohy| sulfh
dqg Plohyvn| dqg Srvqhu sulfh1



:; FKDSWHU :1 YRUVW PHWKRG

-0,3000

-0,2500

-0,2000

-0,1500

-0,1000

-0,0500

0,0000

0,0500

0,1000

0,1500

0,05 0,10 0,15 0,20 0,25 0,30 0,35 0,40 0,45 0,50

Volatility (sigma)

TW-MC MPLevy-MC Vorst-MC MP2-MC

-0,4000

-0,2000

0,0000

0,2000

0,4000

0,6000

0,8000

1,0000

0,5 1,0 1,5 2,0 2,5 3,0 3,5 4,0 4,5 5,0

Maturity (T)

TW-MC MPLevy-MC Vorst-MC MP2-MC

Iljxuh :14= Yruvw rswlrq sulfhv ohvv Prqwh Fduor hvwlpdwhv1 WZ/ PSOhy|
dqg PS5 fruuhvsrqg wr phwkrgv wuhdwhg lq suhylrxv fkdswhuv1
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Iljxuh :15= Yruvw rswlrq sulfhv ohvv Prqwh Fduor hvwlpdwhv1 WZ/ PSOhy|
dqg PS5 fruuhvsrqg wr phwkrgv wuhdwhg lq suhylrxv fkdswhuv1
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Fkdswhu ;

Fxuudq phwkrg

^Fxuudq/ 4<<7` lqwurgxfhv dq h{wuhpho| suhflvh phwkrg iru sulflqj Dvldq rs0
wlrqv dqg rswlrqv rq sruwirolrv1 Wkh dssurdfk lv wr frqglwlrq rq wkh jhrphw0
ulf dyhudjh dqg lqwhjudwh zlwk uhvshfw wr lwv orjqrupdo glvwulexwlrq1 Fxuudq
ghyhorsv wzr gl�huhqw dssur{lpdwlrqv/ dqg zh vkdoo xvh wkh vr0fdoohg qdlyh
dssur{lpdwlrq wr rewdlq d orzhu erxqg rq wkh Dvldq rswlrq sulfh1

;14 Phwkrg

;1414 Prgho

Wkh vwrfn sulfh iroorzv wkh vwrfkdvwlf gl�huhqwldo htxdwlrq

_7| ' Eo � ^�7|_|n j7|_`| +;14,

dqg wkh dulwkphwlf dyhudjh ri wkh vwrfn sulfhv lv

� '
�

?

?[
�'�

7|� +;15,

zkhuh wkh wlph srlqwv duh htxlglvwdqw

|� ' ��c � '
A

?
c � ' �c 2c ���c ? +;16,

+;14, lpsolhv wkdw wkh vwrfn sulfh dw wlph |� lv orjqrupdoo| glvwulexwhg/ vr

*?7|� ' *?7f n Eo � ^ � �

2
j2�|� n j`|�

� �E>�c j
2
� �c � ' �c 2c ���c ? +;17,

;4
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zkhuh

>� ' *?7f n Eo � ^ � �

2
j2�|�c � ' �c 2c ���c ? +;18,

j2� ' j2|�c � ' �c 2c ���c ? +;19,

Wkh jhrphwulf dyhudjh lv

C ' E
?\
�'�

7|��
�

? +;1:,

dqg wdnlqj wkh qdwxudo orjdulwkp ohdgv wr

*?C '
�

?

?[
�'�

*?7|� +;1;,

Iurp Fkdswhu : zh nqrz wkdw *?C lv qrupdoo| glvwulexwhg zlwk sdudphwhuv
>C dqg j2C jlyhq e|

>C ' *?7f n Eo � ^ � �

2
j2�

A n �

2
+;1<,

j2C ' j2�
E2?n ��E?n ��

S?
+;143,

Wr vxp xs/ wkh pdujlqdo glvwulexwlrqv ri *?7|� dqg *?C duh qrupdo/ dqg lw
wxuqv rxw wkdw wkh| dovr kdyh d mrlqwo| qrupdo glvwulexwlrq1

Sursrvlwlrq 48 Wkh udqgrp yhfwru #� ' E*?7|�c *?C� kdv d 50glphqvlrqdo
qrupdo glvwulexwlrq iru � ' �c 2c ���c ? zlwk phdq yhfwru

E>�c >C�c � ' �c 2c ���c ? +;144,

dqg fryduldqfh pdwul{ �
j2� ��
�� j2C

�
c � ' �c 2c ���c ? +;145,

zkhuh

�� ' �J�E*?7|�c *?C� '
j2�

2?
EE2?n ���� �2�c � ' �c 2c ���c ? +;146,

Surri1 Ohw � 5 i�c 2c ���c ?j1 Zh fdq vsolw wkh Zlhqhu surfhvv dw wlph |?
lqwr lqghshqghqw lqfuhphqwv

`|? ' E`|? �`|?3�� n E`|?3� �`|?32� n ���n E`|� �`f� n`f

' {`|? n{`|?3� n ���n{`|�
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Gh�qh wkh yhfwru ri lqfuhphqwv

`{ ' E{`|�c{`|2c ���c{`|?�

zklfk kdv d ?0glphqvlrqdo qrupdo glvwulexwlrq1 Vlqfh *?7|� dqg *?C duh
olqhdu frpelqdwlrqv ri wkhvh lqfuhphqwv/ zh fdq �qg d yhfwru 1� dqg d pdwul{
P�/ vr

#� ' 1� n`{P�

Lw iroorzv iurp +7155149, lq ^Kr�pdqq0Mûujhqvhq/ 4<<7d` wkdw wkh glvwulexwlrq
ri #� lv mrlqwo| qrupdo1 Wkh fryduldqfh ehwzhhq *?7|� dqg *?C lv

�� ' �J�E*?7|� c *?C� ' �J�E*?7|�c
�

?

?[
�'�

*?7|��

'
�

?

?[
�'�

�J�E*?7|�c *?7|�� '
�

?

?[
�'�

j24�?E|�c |��

'
j2

?

?[
�'�

�4�?E�c �� '
j2�

?
E

�[
�'�

4�?E�c �� n

?[
�'�n�

4�?E�c ���

'
j2�

?
E

�[
�'�

� n
?[

�'�n�

�� '
j2�

?
E
�n �

2
�n E?� ����

'
j2�

?
E?�n

�

2
�� �

2
�2� '

j2�

2?
EE2?n ���� �2�

Wkh qh{w sursrvlwlrq vkrzv wkdw wkh qrupdo glvwulexwlrq lv vwdeoh wr frq0
glwlrqlqj zkhq wkh udqgrp yduldeohv duh mrlqwo| qrupdo1

Sursrvlwlrq 49 Wkh frqglwlrqdo glvwulexwlrq ri *?7|� jlyhq *?C lv d qrupdo
glvwulexwlrq

E*?7|�m *?C ' +� � �E>� n E+ � >C�
��
j2C

c j2� �
�2�
j2C

�c � ' �c 2c ���c ? +;147,

Pruhryhu/ E7|�m *?C� kdv d orjqrupdo glvwulexwlrq dqg

.d7|� m *?C ' +o ' i TE>� n E+ � >C�
��
j2C

n
�

2
Ej2� �

�2�
j2C

��c � ' �c 2c ���c ?

+;148,
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Surri1 Zh frqfoxgh iurp +431:19, lq ^Kr�pdqq0Mûujhqvhq/ 4<<7e` dqg
Sursrvlwlrq 48 wkdw E*?7|�m *?C� lv qrupdoo| glvwulexwhg1 Wkh fdofxodwlrq ri
wkh phdq dqg wkh yduldqfh lq +;147, lv vwudljkwiruzdug/ exw kdv ehhq ohiw rxw1
Lw iroorzv shu gh�qlwlrq wkdw E7|�m *?C� lv orjqrupdoo| glvwulexwhg zlwk wkh
vdph sdudphwhuv/ dqg wkh frqglwlrqdo h{shfwdwlrq +;148, lv wkhq fdofxodwhg
iurp +8166,1

;1415 Erxqgv rq wkh rswlrq sulfh

Zh frqglwlrq rq wkh jhrphwulf dyhudjh C lq wkh sulflqj h{suhvvlrq ri wkh
Dvldq rswlrq

� ' e3oA.dE��g�no

' e3oA.d.dE��g�nmCoo
' e3oA

]
"

f

.dE��g�nmC ' %o}E%�_% +;149,

zkhuh } lv wkh orjqrupdo ghqvlw| ixqfwlrq ri C1 Gh�qh

�� '

] g

f

.dE��g�nmC ' %o}E%�_% +;14:,

�2 '

]
"

g

.dE��g�nmC ' %o}E%�_% +;14;,

vr

� ' e3oA E�� n �2� +;14<,

Vlqfh wkh dulwkphwlf dyhudjh lv juhdwhu wkdq wkh jhrphwulf dyhudjh � � C

�2 '

]
"

g

.d��gmC ' %o}E%�_% +;153,

Orrvho| vshdnlqj/ �� fruuhvsrqgv wr wkh vlwxdwlrq zkhuh wkh jhrphwulf rswlrq
�qlvkhv rxw0ri0wkh0prqh| dqg wkh vwdwxv ri wkh dulwkphwlf rswlrq lv xqnqrzq1
Olnhzlvh/ �2 fruuhvsrqgv wr wkh vlwxdwlrq zkhuh erwk rswlrqv �qlvk lq0wkh0
prqh|1 Sursrvlwlrq 49 hqdeohv xv wr fdofxodwh �2 iurp +;153,/ exw zh kdyh
wr vhwwoh iru dq dssur{lpdwlrq ri ��1 Xvlqj Mhqvhq*v lqhtxdolw| zh rewdlq d
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orzhu erxqg rq ��

�� '

] g

f

.dE��g�nmC ' %o}E%�_%

�
] g

f

E.d��gmC ' %o�n}E%�_%

'

] g

u

.d��gmC ' %o}E%�_%

' ��� +;154,

zkhuh

u ' i%m.d�mC ' %o ' gj +;155,

Wr �qg u zh fdofxodwh wkh frqglwlrqdo h{shfwdwlrq

.d�mC ' %o ' .d
�

?

?[
�'�

7|�mC ' %o '
�

?

?[
�'�

.d7|�m *?C ' *?%o

'
�

?

?[
�'�

i TE>� n E*?%� >C�
��
j2C

n
�

2
Ej2� �

�2�
j2C

�� +;156,

zkhuh zh kdyh xvhg +;148,1 Vhwwlqj wkh odvw h{suhvvlrq htxdo wr g dqg vroy0
lqj iru % lv gl!fxow/ vr zh kdyh dssolhg d vlpsoh qxphulfdo phwkrg/ zklfk
dsshduv iurp wkh Ylvxdo Edvlf frgh lq Dsshqgl{ H1 Lw lv lpsruwdqw wkdw wkh
dssur{lpdwlrq �u lv juhdwhu wkdq u wr pdnh vxuh wkdw ��� lv d orzhu erxqg rq
��1

Wkhruhp 4: D orzhu erxqg rq wkh sulfh ri wkh Dvldq rswlrq zlwk vwulnh g
dqg pdwxulw| A lv

�� ' i TE�oA �E ��� n �2�

' i TE�oA �i�
?

?[
�'�

i TE>� n
�

2
j2� �xE

>C � *?un ��
jC

�

�gxE
>C � *?u

jC
�j +;157,

zkhuh wkh uhohydqw sdudphwhuv duh jlyhq lq +;18,/ +;19,/ +;1<,/ +;143,/ +;146,
dqg +;155,1
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Surri1 Froohfwlqj +;154, dqg +;153, jlyhv

��� n �2 '

]
"

u

.d��gmC ' %o}E%�_%

'

]
"

u

.d�mC ' %o}E%�_%�g

]
"

u

}E%�_%

'

]
"

u

.d
�

?

?[
�'�

7|� mC ' %o}E%�_%�g

]
"

u

}E%�_%

'

]
"

u

�

?

?[
�'�

.d7|� mC ' %o}E%�_%�g

]
"

u

}E%�_%

'
�

?

?[
�'�

]
"

u

.d7|� m *?C ' *?%o}E%�_%�g

]
"

u

}E%�_%

Zh nqrz iurp wkh surri ri Wkhruhp ; wkdw

g

]
"

u

}E%�_% ' gxE
>C � *?u

jC
�

dqg iurp +;148,

]
"

u

.d7|�m *?C ' *?%o}E%�_%

'

]
"

u

i TE>� n E*?%� >C�
��
j2C

n
�

2
Ej2� �

�2�
j2C

��}E%�_%

' i TE>� n
�

2
j2� �

]
"

u

i TEE*?%� >C�
��
j2C

� �

2

�2�
j2C

�}E%�_%

Xvlqj wkh ghqvlw| +816;, ri wkh orjqrupdo glvwulexwlrq wkh odvw lqwhjudo lv

]
"

u

�s
2ZjC%

i TEE*?%� >C�
��
j2C

� �

2

�2�
j2C

� �

2
E
>C � *?%

jC
�2�_%

Zh pdnh wkh fkdqjh ri yduldeohv

5 '
>C � *?%n ��

jC
c

_5

_%
' � �

jC%
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zklfk ohdgv wr]
3"

>C3*?un��
jC

� �s
2Z

i TEE
��
jC

� 5�
��
jC

� �

2

�2�
j2C

� �

2
E5 � ��

jC
�2�_5

'

] >C3*?un��
jC

3"

�s
2Z

i TE�5 ��
jC

n
�

2

�2�
j2C

� �

2
52 � �

2

�2�
j2C

n 5
��
jC

�_5

'

] >C3*?un��
jC

3"

�s
2Z

i TE��

2
52�_5

' xE
>C � *?un ��

jC
�

Ilqdoo|/ zh froohfw wkh whupv

��� n �2 '
�

?

?[
�'�

i TE>� n
�

2
j2� �xE

>C � *?un ��
jC

�

�gxE
>C � *?u

jC
�

iurp zklfk +;157, iroorzv1
^Fxuudq/ 4<<7` grhv qrw phqwlrq dq| xsshu erxqgv/ exw ^Urjhuv dqg Vkl/ 4<<8`/

zkrvh phwkrg uholhv rq frqglwlrqlqj rq wkh Eurzqldq Prwlrq/ xvh wkh lq0
htxdolwlhv

f � .dLno� E.dL o�n

'
�

2
E.dmL mo� m.dL om�

� �

2
.dmL � .dL omo

� �

2

s
T @oEL� +;158,

wr irup erxqgv vlplodu wr

f � .d.dE��g�nmCo� E.d��gmCo�no
� �

2
.d
s
T @oE��gmC�o +;159,

Iurp +;154, dq xsshu erxqg rq �� lv wkhq

7�� '

] g

f

E.dE��g�mC ' %o�n}E%�_%

n
�

2

] g

f

s
T @oE��gmC�}E%�_% +;15:,

Gxh wr wlph frqvwudlqwv zh kdyh qrw ehhq deoh wr sxuvxh wklv xsshu erxqg
dq| ixuwkhu1
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;1416 Phwkrg ryhuylhz

Wkh Fxuudq phwkrg fdq eh vxppdul}hg dv iroorzv

� Fdofxodwh wkh phdq dqg wkh yduldqfh ri *?C +wkh orjdulwkp ri wkh
jhrphwulf dyhudjh,1

� Iru hdfk dyhudjlqj wlph |� fdofxodwh wkh phdq dqg wkh yduldqfh ri *?7|�
+wkh orjdulwkp ri wkh vwrfn sulfh dw wlph |�, dqg wkh fryduldqfh ehwzhhq
*?C dqg *?7|�1

� Xvh d qxphulfdo phwkrg wr �qg wkh orzhu olplw u ri wkh lqwhjudo lq
+;154,1

� Rewdlq d orzhu erxqg rq wkh sulfh ri wkh Dvldq rswlrq e| phdqv ri
Wkhruhp 4:1

;15 Qxphulfdo uhvxowv

Wdeoh ;14 frqwdlqv wkh Fxuudq orzhu erxqg +FOE, rq wkh rswlrq sulfh iru
gl�huhqw ydoxhv ri vwrfn sulfh yrodwlolw| j/ vwulnh sulfh g/ qxpehu ri sulfhv lq
wkh dyhudjh ? dqg pdwxulw| A 1 Wkh Prqwh Fduor vlpxodwlrq kdv ehhq fduulhg
rxw zlwk 83/333 sdwkv dqg wkh jhrphwulf rswlrq sulfh dv frqwuro yduldwh/ fi1
Fkdswhu 71 Zh kdyh dovr lqfoxghg wkh dssur{lpdwlrq hu ri wkh orzhu olplw
u lq wkh �� lqwhjudo +;154,1 Xqohvv rwkhuzlvh phqwlrqhg wkh vwrfn glylghqg/
wkh lqwhuhvw udwh dqg wkh lqlwldo vwrfn sulfh kdyh ehhq �{hg dw

^ ' fc o ' f�fDc 7f ' �ff +;15;,

Wkh orzhu erxqg lv h{wuhpho| dffxudwh/ zklfk zh fdq vhh lq wkh odvw
froxpq ri Wdeoh ;141 FOE dqg wkh Prqwh Fduor hvwlpdwhv rqo| gl�hu rq wkh
wklug ru irxuwk ghflpdo dqg FOE lv lqvlgh wkh <8( frq�ghqfh lqwhuydo iru doo
sdudphwhu ydoxhv dv vhhq lq Iljxuh ;14 dqg Iljxuh ;151 Wkhvh �jxuhv kdyh
dovr ehhq xvhg wr looxvwudwh wkdw wkh Fxuudq phwkrg jhqhudoo| lv ehwwhu wkdq
dyhudjlqj wkh Ohy| sulfh dqg wkh Plohyvn| dqg Srvqhu sulfh/ fi1 Fkdswhu 91
Wkrxjk/ lw lv zruwk qrwlqj wkdw PSOhy| lv lqvlgh wkh <8( frq�ghqfh lqwhuydo
lq prvw fdvhv1

Lq Iljxuh ;15 zh vhh wkdw wkh orzhu erxqg lv juhdwhu wkdq wkh Prqwh
Fduor hvwlpdwh iru prvw ydoxhv ri wkh vwulnh sulfh/ zklfk whoov xv wzr wklqjv1
Iluvw ri doo wkh PF hvwlpdwhv duh wrr orz dqg vhfrqgo| wkh Fxuudq phwkrg
lv vr dffxudwh wkdw hyhq Prqwh Fduor vlpxodwlrq kdv sureohpv pdwfklqj lw1
Zh kdyh uxq dgglwlrqdo Prqwh Fduor vlpxodwlrqv zlwk 433/333 dqg 533/333
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sdwkv/ zklfk vkrz wkdw FOE lv ehorz wkh PF hvwlpdwhv h{fhsw zkhq wkh
rswlrq lv ghhs0lq0wkh0prqh|1 FOE lv vwloo lqvlgh wkh <8( frq�ghqfh lqwhuydo
dqg wkh uhodwlyh gl�huhqfhv duh ri pdjqlwxgh ohvv wkdq 3134 (/ zklfk vkrxog
qrw fdxvh dq| frqfhuq1

Wdeoh ;14 vkrzv wkdw �u lv forvh wr g dqg ghfuhdvlqj lq j dqg A / zklfk
lv lq dffrugdqfh zlwk wkh gl�huhqfhv ehwzhhq wkh jhrphwulf dqg dulwkphwlf
rswlrq sulfhv vhhq lq Iljxuh 717 dqg Iljxuh 7181 Wkh forvhu u +dqg khqfh �u,
lv wr g/ wkh vpdoohu ��� lv/ zklfk lpsolhv d pruh dffxudwh orzhu erxqg ��1 Zh
dovr vhh wkdw wkh gl�huhqfh ehwzhhq �u dqg g lv vpdoohvw iru g ' �ff ' 7f
dqg lw lqfuhdvhv dv wkh vwulnh sulfh pryhv dzd| iurp wkh lqlwldo vwrfn sulfh1

;1514 Frqfoxvlrq

Zh lpsohphqwhg wkh orzhu erxqg lq ^Fxuudq/ 4<<7` rq wkh sulfh ri dq Dvldq
rswlrq dqg wkh uhvxow zdv yhu| lqvslulqj1 Wkh orzhu erxqg lv vr suhflvh wkdw
lw lv wkh wuxh sulfh iru doo sudfwlfdo sxusrvhv1 Lq frqwudvw wr rwkhu phwkrgv/
wkh dffxudf| lv uhwdlqhg hyhq iru odujh yrodwlolwlhv dqg orqj pdwxulwlhv dv zhoo
dv wkh zkroh udqjh ri vwulnh sulfhv1

Wkh Fxuudq phwkrg uhyhdohg wkdw rxu Prqwh Fduor hvwlpdwhv iurp vlp0
xodwlqj zlwk 83/333 sdwkv zhuh voljkwo| wrr vpdoo/ vlqfh wkh hvwlpdwhv zhuh
ehorz wkh orzhu erxqg lq vrph fdvhv1 Lqfuhdvlqj wkh qxpehu ri sdwkv wr
533/333 �{hg wklv/ exw zdv dovr yhu| wlph0frqvxplqj1

Wkh orzhu erxqg zdv lqvlgh wkh <8( frq�ghqfh lqwhuydo iru wkh Prqwh
Fduor hvwlpdwhv iru doo sdudphwhu ydoxhv1 Wr sxw wklv lqwr shuvshfwlyh zh
xvhg wkh vlpsohu rqh ri wkh wzr dssur{lpdwlrqv lq ^Fxuudq/ 4<<7` vlqfh lw
grhv qrw uhtxluh qxphulfdo lqwhjudwlrq1 Ilqdoo|/ zh vxjjhvwhg krz wr rewdlq
dq xsshu erxqg rq wkh rswlrq sulfh lqvsluhg e| ^Urjhuv dqg Vkl/ 4<<8`1
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� k ? A PF vg FOE hw FOE0PF

3138 433 45 4 51<6 313334 51<6 <<1<;89 313333
3143 433 45 4 61<3 313337 61<3 <<1<789 313333
3148 433 45 4 8134 31333< 8134 <<1;:<4 313333
3153 433 45 4 9149 313349 9149 <<1:;8< 313336
3158 433 45 4 :164 313357 :164 <<19995 313334
3163 433 45 4 ;17: 313368 ;17: <<184<; 313334
3168 433 45 4 <197 31337< <197 <<1679: 313335
3173 433 45 4 431;3 313398 431;3 <<147:6 313336
3178 433 45 4 441<9 3133;8 441<9 <;1<545 313337
3183 433 45 4 46144 31343: 46145 <;199;7 31333;
3153 433 45 318 7144 31333: 7144 <<1;<64 313334
3153 433 45 413 9149 313349 9149 <<1:;8< 313336
3153 433 45 418 :1;7 313358 :1;7 <<19:;9 313336
3153 433 45 513 <165 313367 <165 <<18:45 313335
3153 433 45 518 43199 313378 43199 <<1796: 313334
3153 433 45 613 441<3 313388 441<3 <<16894 313335
3153 433 45 618 46138 313399 46138 <<157;6 313337
3153 433 45 713 47147 3133:; 47147 <<14738 31333:
3153 433 45 718 48149 3133<3 48149 <<13658 313345
3153 433 45 813 49145 313435 49146 <;1<576 31334<
3153 433 45 4 9149 313349 9149 <<1:;8< 313336
3153 433 57 4 81<9 313349 81<9 <<1:<54 0313344
3153 433 69 4 81<3 313349 81;< <<1:<78 0313353
3153 433 7; 4 81;9 313349 81;9 <<1:<8; 0313359
3153 433 93 4 81;7 313349 81;7 <<1:<99 031335:
3153 :3 45 4 64149 313348 64149 9<14473 31333<
3153 :8 45 4 59175 313348 59175 :71669< 31333;
3153 ;3 45 4 541:5 313348 541:5 :<18466 313336
3153 ;8 45 4 4:149 313348 4:149 ;719783 313339
3153 <3 45 4 451<5 313348 451<5 ;<1:667 31333:
3153 <8 45 4 <14< 313348 <14< <71::<< 313334
3153 433 45 4 9149 313349 9149 <<1:;8< 313336
3153 438 45 4 61;: 313349 61;: 4371:863 313335
3153 443 45 4 515< 313348 515< 43<19;59 0313334
3153 448 45 4 415; 313348 415; 44718:8< 0313338
3153 453 45 4 319: 313346 319: 44<17674 313337
3153 458 45 4 3167 313345 3167 457158;8 31333:
3153 463 45 4 3149 313343 3149 45<13834 313345

Wdeoh ;14= Fxuudq orzhu erxqg +FOE, rq wkh Dvldq rswlrq sulfh iru gl�huhqw
ydoxhv ri yrodwlolw|/ vwulnh sulfh/ qxpehu ri sulfhv lq wkh dyhudjh dqg pdwxulw|1
PF= Prqwh Fduor hvwlpdwh1 vg= Vwdqgdug ghyldwlrq ri PF hvwlpdwru1 �O=
Dssur{lpdwlrq ri O lq +;154,1
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Iljxuh ;14= Fxuudq orzhu erxqg rq wkh Dvldq rswlrq sulfh dqg <8( frq�ghqfh
lqwhuydo iru wkh Prqwh Fduor hvwlpdwh1 PSOhy|= Dyhudjh ri Ohy| sulfh dqg
Plohyvn| dqg Srvqhu sulfh1
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Strike price (K)
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Iljxuh ;15= Fxuudq orzhu erxqg rq wkh Dvldq rswlrq sulfh dqg <8( frq�ghqfh
lqwhuydo iru wkh Prqwh Fduor hvwlpdwh1 PSOhy|= Dyhudjh ri Ohy| sulfh dqg
Plohyvn| dqg Srvqhu sulfh1



Fkdswhu <

Frqfoxvlrq

Qxphulfdo uhvxowv

Lq wklv wkhvlv L kdyh ghulyhg dqg lpsohphqwhg vhohfwhg phwkrgv iru sulflqj
Dvldq rswlrqv1 Iluvw ri doo/ L orrnhg dw Prqwh Fduor vlpxodwlrq zlwk dqg
zlwkrxw yduldqfh uhgxfwlrq phwkrgv1 Wkh qxphulfdo uhvxowv ohg ph wr frq0
foxgh wkdw xvlqj wkh sulfh ri wkh jhrphwulf Dvldq rswlrq dv frqwuro yduldwh lv
e| idu wkh ehvw zd| wr sulfh wkh dulwkphwlf Dvldq rswlrq1 Wklv lv gxh wr wkh
kljk fruuhodwlrq ehwzhhq wkh jhrphwulf dyhudjh dqg wkh dulwkphwlf dyhudjh1
Wkh hvwlpdwhv ri wkh vwdqgdug phwkrg dqg wkh dqwlwkhwlf phwkrg kdg vwdq0
gdug ghyldwlrqv vr odujh wkdw wkh| frxog qrw eh uholhg rq/ dqg uhgxflqj wkh
vwdqgdug ghyldwlrqv e| lqfuhdvlqj wkh qxpehu ri sdwkv zdv qrw frpsxwdwlrq0
doo| ihdvleoh1 L dovr uhdol}hg wkdw wkh txdolw| ri wkh udqgrp qxpehuv lv yhu|
lpsruwdqw dqg L h{shfw wkdw d pruh vrsklvwlfdwhg udqgrp qxpehu jhqhudwru
fdq ohdg wr ehwwhu Prqwh Fduor hvwlpdwhv1

Wkh sulflqj phwkrg lq ^Wxuqexoo dqg Zdnhpdq/ 4<<4` shuiruphg yhu|
zhoo iru vpdoo vwrfn sulfh yrodwlolwlhv dqg vkruw pdwxulwlhv1 Iru odujh yrodwlo0
lwlhv dqg pdwxulwlhv orqjhu wkdq d frxsoh ri |hduv/ wkh nxuwrvlv fruuhfwlrq lq
wkh jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq uhvxowhg lq odujh sulfh ghyldwlrqv
iurp wkh Prqwh Fduor hvwlpdwhv1 L vwxglhg wkh lpsdfw ri uhprylqj fruuhf0
wlrq whupv lq wkh sulflqj h{suhvvlrq dqg L frqfoxghg wkdw qrw dgmxvwlqj iru
gl�huhqfhv lq vnhzqhvv dqg nxuwrvlv/ zklfk lv htxlydohqw wr wkh phwkrg lq
^Ohy|/ 4<<5`/ lpsuryhg wkh dffxudf| lq vrph fdvhv1

Kdylqj xvhg wkh orjqrupdo glvwulexwlrq dv dssur{lpdwlrq iru wkh xqnqrzq
glvwulexwlrq ri wkh dulwkphwlf dyhudjh/ L wxuqhg wr wkh uhflsurfdo jdppd glv0
wulexwlrq vxjjhvwhg e| ^Plohyvn| dqg Srvqhu/ 4<<;`1 Wkh qxphulfdo uhvxowv
vkrzhg qr lpsuryhphqw frpsduhg wr wkh Ohy| phwkrg exw wkh sulflqj huuruv
ri wkh wzr phwkrgv vhhphg wr eh qhjdwlyho| fruuhodwhg1 Wklv jdyh ph wkh lghd
wr wdnh wkh dyhudjh ri wkh sulfhv/ zklfk wxuqhg rxw vxusulvlqjo| zhoo lq whupv

<6
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ri dffxudf|1 L dovr dssolhg wkh jhqhudol}hg Hgjhzruwk vhulhv h{sdqvlrq lq wkh
Plohyvn| dqg Srvqhu vhwxs/ zklfk ohg wr jrrg uhvxowv iru vkruw pdwxulwlhv1
Dv lq wkh Wxuqexoo dqg Zdnhpdq fdvh/ wkh sulflqj huuruv zhuh vxevwdqwldo iru
pdwxulwlhv orqjhu wkdq d frxsoh ri |hduv/ dqg wkh dffxudf| zdv ehwwhu zlwk
wkh orjqrupdo glvwulexwlrq lq jhqhudo1 Ilqdoo|/ L vkrzhg d frqvlghudeoh sulfh
gl�huhqfh ehwzhhq Dvldq rswlrqv edvhg rq glvfuhwh dqg frqwlqxrxv dyhudjhv1

Wkh orjqrupdo dssur{lpdwlrq lq ^Yruvw/ 4<<5` zdv rqo| dffhswdeoh iru
vpdoo yrodwlolwlhv dqg lq0wkh0prqh| rswlrqv zlwk vkruw pdwxulwlhv1 L dovr
ghulyhg d sulflqj irupxod iru wkh jhrphwulf Dvldq rswlrq/ zklfk zdv xvhg
dv d orzhu erxqg rq wkh sulfh ri wkh dulwkphwlf Dvldq rswlrq1 Wkh sulflqj
erxqgv zhuh yhu| hdv| wr fdofxodwh exw wkh| zhuh wrr zlgh wr frqvwudlq wkh
sulfh vx!flhqwo|1

Wkh odvw sulflqj phwkrg zdv wkh orzhu erxqg lq ^Fxuudq/ 4<<7`1 Wkh
qxphulfdo uhvxowv zhuh doprvw lqglvwlqjxlvkdeoh iurp wkh Prqwh Fduor hvwl0
pdwhv/ vr L frqfoxghg wkdw wkh orzhu erxqg lv wkh wuxh sulfh iru doo sudfwlfdo
sxusrvhv1 Lqfuhdvlqj wkh vwrfn sulfh yrodwlolw| dqg wkh pdwxulw| glg qrw vsrlo
wkh dffxudf|/ vlqfh wkh orzhu erxqg zdv vwloo lqvlgh wkh <8( frq�ghqfh lqwhu0
ydo iru wkh Prqwh Fduor hvwlpdwhv1 Wkh Fxuudq phwkrg zdv dfwxdoo| pruh
suhflvh wkdq Prqwh Fduor vlpxodwlrq zlwk 83/333 sdwkv/ dqg lw wrrn pruh
wkdq 433/333 sdwkv wr jhw wkh Prqwh Fduor hvwlpdwhv deryh wkh orzhu erxqg
iru prvw ydoxhv ri wkh vwulnh sulfh1

Frpsdulvrq ri sulflqj phwkrgv

L kdyh frpsduhg wkh phwkrgv dv wkh| dsshduhg lq wkh suhylrxv fkdswhuv dqg
L vkdoo vxppdul}h wkh frqfoxvlrqv khuh1 Lw lv gl!fxow wr udqn wkh phwkrgv
lq whupv ri dffxudf| vlqfh qrqh ri wkhp duh xqlirupo| ehwwhu wkdq dq| rwkhu
phwkrg1 Ixuwkhupruh/ pdq| sdudphwhuv fdq eh ydulhg/ vr L vkdoo gudz frq0
foxvlrqv rq d jhqhudo sxusrvh edvlv1

Wkh Yruvw phwkrg khdylo| xqghusulfhg rxw0ri0wkh0prqh| rswlrqv dqg frq0
vhtxhqwo| lw lv p| fdqglgdwh iru wkh ohdvw xvdeoh phwkrg1 Wkhq iroorz wkh
Ohy| phwkrg dqg wkh Plohyvn| dqg Srvqhu phwkrg gxh wr wkhlu odujh yduld0
wlrq dqg vhqvlwlylw| wr yrodwlolw| dqg pdwxulw|1 Qh{w lq olqh duh wkh Wxuqexoo
dqg Zdnhpdq phwkrg dqg lwv uhflsurfdo jdppd htxlydohqw PS5/ vlqfh wkh|
shuiruphg zhoo lq pdq| fdvhv/ exw xqiruwxqdwho| wkh| zhuh qh{w wr xvhohvv
iru orqj pdwxulwlhv1 P| lghd ri wdnlqj wkh dyhudjh ri wkh Ohy| sulfh dqg
wkh Plohyvn| dqg Srvqhu sulfh lv wkh vhfrqg ehvw phwkrg1 Iru d zlgh udqjh
ri sdudphwhu ydoxhv/ lw jdyh sulfhv zlwklq wkh <8( frq�ghqfh lqwhuydo iru
wkh Prqwh Fduor hvwlpdwhv1 Wkh ehvw phwkrg/ lq p| rslqlrq/ lv wkh Fxu0
udq phwkrg/ ehfdxvh wkh orzhu erxqg zdv yhu| forvh wr wkh Prqwh Fduor
hvwlpdwhv hyhq iru odujh ydoxhv ri yrodwlolw| dqg pdwxulw|1



<8

Wkxv/ wkh pdlq frqfoxvlrqv ri wklv wkhvlv duh=

� Wkh orzhu erxqg lq ^Fxuudq/ 4<<7` rq wkh sulfh ri dq dulwkphwlf Dvldq
rswlrq lv yhu| dffxudwh dqg uholdeoh1

� Wkh sulfh ri wkh jhrphwulf Dvldq rswlrq lv d yhu| vxlwdeoh frqwuro yduldwh
iru Prqwh Fduor vlpxodwlrq ri wkh sulfh ri dq dulwkphwlf Dvldq rswlrq1

Frpsxwdwlrqdo dvshfwv

Dq lq0ghswk glvfxvvlrq ri wkh surjudpplqj lv qrw dssursuldwh lq p| srlqw
ri ylhz/ exw L zrxog olnh wr dgg d ihz uhpdunv1 Iru dq|rqh zlwk vrph
surjudpplqj h{shulhqfh/ doo wkh phwkrgv vkrxog eh hdv| wr lpsohphqw e|
phdqv ri wklv wkhvlv1 H{whqglqj wkh frgh wr d pruh jhqhudol}hg vhwwlqj vkrxog
qrw srvh d sureohp dqg qhlwkhu vkrxog lpsuryhphqwv wr uhgxfh phpru| xvdjh
dqg frpsxwdwlrqdo wlph1 Wkh sulrulw| iru ph kdv ehhq wr zulwh frgh wkdw lv
xvdeoh dqg uholdeoh1

Wkh Prqwh Fduor vlpxodwlrq lv yhu| wlph0frqvxplqj/ hvshfldoo| zkhq xv0
lqj pdq| sdwkv wr rewdlq d kljk ohyho ri suhflvlrq1 L xvhg d yhu| vlpsoh
qxphulfdo phwkrg lq wkh lpsohphqwdwlrq ri wkh Fxuudq phwkrg/ vr rewdlq0
lqj rqh erxqg wdnhv d frxsoh ri vhfrqgv1 Wkh uhvw ri wkh phwkrgv rqo| xvh d
iudfwlrq ri d vhfrqg shu sulfh/ zklfk lpsolhv wkdw doo phwkrgv h{fhsw Prqwh
Fduor vlpxodwlrq fdq eh xvhg lq uhdo wlph wr vxssruw wudglqj1

Ixwxuh uhvhdufk

Wkh edvlf Eodfn0Vfkrohv prgho xvhg lq wklv wkhvlv hqdeohv pdq| jhqhudol}d0
wlrqv1 Lw frxog eh lqwhuhvwlqj wr lqyhvwljdwh li wkh frqfoxvlrqv pdgh dovr dsso|
wr vhwxsv zlwk h1j1 sulflqj lq wkh dyhudjlqj shulrg/  h{leoh dqg  rdwlqj Dvldq
rswlrqv/ qrq0orjqrupdo xqghuo|lqj dvvhwv dqg d vwrfkdvwlf whup vwuxfwxuh ri
lqwhuhvw udwhv1

Fdofxodwlrq ri dffxudwh khgjlqj sdudphwhuv lq uhodwlrq wr wkh sulflqj
phwkrgv lv dqrwkhu lpsruwdqw gluhfwlrq iru ixwxuh uhvhdufk/ vlqfh Dvldq rs0
wlrqv duh riwhq xvhg iru khgjlqj sxusrvhv1

Ilqdoo|/ lw zrxog eh dgydqwdjhrxv wr �qg rxw li wkh xsshu erxqg phq0
wlrqhg lq Fkdswhu ; lv dv jrrg dv wkh orzhu erxqg1
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Dsshqgl{ D

Prqwh Fduor vlpxodwlrq

D14 Ylvxdo Edvlf frgh

Wkh frgh fdq dovr eh grzqordghg iurp wkh zhevlwh kwws=22zzz1oeq1gn2pdvwhu21

D1414 Vwdqgdug Prqwh Fduor

Ixqfwlrq JhqhudwhUdqgrpQxpehuv+, Dv Yduldqw

Glp sl Dv Grxeoh/ d Dv Grxeoh/ f Dv Grxeoh

Glp q Dv Orqj/ qbpd{ Dv Orqj

Glp L+, Dv Grxeoh

Glp [+, Dv Grxeoh

sl @ 7 - Dwq+4,

d @ : a8

f @ 5 a64 0 4

qbpd{ @ 9333333 *& udqgrp qxpehuv

UhGlp L+qbpd{,

UhGlp [+qbpd{,

L+3, @ 4::6 *vhhg iru wkh olqhdu frqjuxhqwldo jhqhudwru

Iru q @ 4 Wr qbpd{ *L+, glylghg e| f lv llg X+3/4,

L+q, @ f - +d - L+q 0 4, 2 f 0 Lqw+d - L+q 0 4, 2 f,, b

*d wlphv L+, prgxor f

Qh{w q

Iru q @ 4 Wr qbpd{ 0 4 Vwhs 5

<:
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*Er{0Pxoohu phwkrg= [+, lv llg Q+3/4,

[+q, @ Vtu+05 - Orj+L+q, 2 f,, - Frv+5 - sl - +L+q . 4, 2 f,,

[+q . 4, @ Vtu+05 - Orj+L+q, 2 f,, - Vlq+5 - sl - +L+q . 4, 2 f,,

Qh{w q

Rshq **f=_grnxphqwhu_prqwhfduor_udqgrpbqrupdobvhhgb4::61w{w** b

Iru Rxwsxw Dv &4

Iru q @ 4 Wr qbpd{

Zulwh &4/ [+q,

Qh{w q

Forvh &4

Hqg Ixqfwlrq

Ixqfwlrq PrqwhFduor+vljpd Dv Grxeoh/ N Dv Grxeoh/ pbdyh Dv Lqwhjhu/ b

t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ W Dv Grxeoh, Dv Yduldqw

Glp q Dv Orqj/ qbsdwk Dv Orqj/ p Dv Orqj

Glp k Dv Grxeoh

Glp ]+, Dv Grxeoh/ V+, Dv Grxeoh/ DY+, Dv Grxeoh

Glp dvldq+, Dv Grxeoh/ hxurshdq+, Dv Grxeoh

Glp Y Dv Grxeoh/ Z Dv Grxeoh

Glp vgD Dv Grxeoh/ vgH Dv Grxeoh

Glp rxwsxw+, Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*pbdyh= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

qbsdwk @ 83333 *& sdwkv +uhsolfdwlrqv, lq wkh Prqwh Fduor vlpxodwlrq

k @ W 2 pbdyh *wlph ehwzhhq vxffhvvlyh dyhudjlqj wlphv

UhGlp ]+qbsdwk/ pbdyh,

UhGlp V+qbsdwk/ pbdyh,

UhGlp DY+qbsdwk,

UhGlp dvldq+qbsdwk,

UhGlp hxurshdq+qbsdwk,
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UhGlp rxwsxw+6,

Rshq **f=_grnxphqwhu_prqwhfduor_udqgrpbqrupdobvhhgb4::61w{w** b

Iru Lqsxw Dv &5

Iru p @ 4 Wr pbdyh

Iru q @ 4 Wr qbsdwk

Lqsxw &5/ ]+q/ p,

Qh{w q

Qh{w p

Forvh &5

Iru q @ 4 Wr qbsdwk *vwrfn sulfh vlpxodwlrq

V+q/ 3, @ Vb3

DY+q, @ 3

Iru p @ 4 Wr pbdyh

V+q/ p, @ V+q/ p 0 4, - H{s++u 0 t 0 vljpd a5 2 5, - k . b

vljpd - Vtu+k, - ]+q/ p,, *vlpxodwhg sdwk

DY+q, @ DY+q, . V+q/ p,

Qh{w p

DY+q, @ DY+q, 2 pbdyh *dyhudjh vwrfn sulfh

Qh{w q

Iru q @ 4 Wr qbsdwk *rswlrq sulfh vlpxodwlrq

dvldq+q, @ H{s+0u - W, - Pd{Ixqf+DY+q, 0 N/ 3,

hxurshdq+q, @ H{s+0u - W, - Pd{Ixqf+V+q/ pbdyh, 0 N/ 3,

Qh{w q

Y @ 3

Z @ 3

Iru q @ 4 Wr qbsdwk *Prqwh Fduor vlpxodwlrq

Y @ dvldq+q, . Y

Z @ hxurshdq+q, . Z

Qh{w q

Y @ Y 2 qbsdwk *Dvldq rswlrq sulfh

Z @ Z 2 qbsdwk *Hxurshdq rswlrq sulfh

vgD @ 3

vgH @ 3

Iru q @ 4 Wr qbsdwk

vgD @ +dvldq+q, 0 Y, a5 . vgD

vgH @ +hxurshdq+q, 0 Z, a5 . vgH
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Qh{w q

vgD @ Vtu+vgD 2 +qbsdwk 0 4,, *vwdqgdug ghyldwlrq b

+vtxduh urrw ri vdpsoh yduldqfh,

vgH @ Vtu+vgH 2 +qbsdwk 0 4,,

rxwsxw+3, @ Y

rxwsxw+4, @ vgD 2 Vtu+qbsdwk, *vwdqgdug ghyldwlrq ri hvwlpdwru

rxwsxw+5, @ Z

rxwsxw+6, @ vgH 2 Vtu+qbsdwk,

PrqwhFduor @ rxwsxw+,

Hqg Ixqfwlrq

Ixqfwlrq Pd{Ixqf+qxpehu4 Dv Grxeoh/ qxpehu5 Dv Grxeoh, Dv Grxeoh

Li qxpehu4 A qxpehu5 Wkhq

Pd{Ixqf @ qxpehu4

HovhLi qxpehu4 ?@ qxpehu5 Wkhq

Pd{Ixqf @ qxpehu5

Hovh

Vwrs

Hqg Li

Hqg Ixqfwlrq

Ixqfwlrq EodfnVfkrohv+vljpd/ N/ t/ u/ Vx/ W/ x, Dv Grxeoh

Glp g4 Dv Grxeoh/ g5 Dv Grxeoh

g4 @ +Orj+Vx 2 N, . +u 0 t . vljpd a5 2 5, - +W 0 x,, 2 b

+vljpd - Vtu+W 0 x,,

g5 @ g4 0 vljpd - Vtu+W 0 x,

EodfnVfkrohv @ Vx - ZrunvkhhwIxqfwlrq1QrupVGlvw+g4, 0 b

H{s+0u - +W 0 x,, - N - ZrunvkhhwIxqfwlrq1QrupVGlvw+g5,

Hqg Ixqfwlrq

D1415 Dqwlwkhwlf phwkrg

Ixqfwlrq PrqwhFduorDqwlwkhwlf+vljpd Dv Grxeoh/ N Dv Grxeoh/ b
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pbdyh Dv Lqwhjhu/ t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ b

W Dv Grxeoh, Dv Yduldqw

Glp q Dv Orqj/ qbsdwk Dv Orqj/ p Dv Orqj

Glp k Dv Grxeoh

Glp ]+, Dv Grxeoh/ V+, Dv Grxeoh/ DY+, Dv Grxeoh

Glp dvldq+, Dv Grxeoh/ hxurshdq+, Dv Grxeoh

Glp Y Dv Grxeoh/ Z Dv Grxeoh

Glp vgD Dv Grxeoh/ vgH Dv Grxeoh

Glp rxwsxw+, Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*pbdyh= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

qbsdwk @ 83333 *& sdwkv +uhsolfdwlrqv, lq wkh Prqwh Fduor vlpxodwlrq

k @ W 2 pbdyh *wlph ehwzhhq vxffhvvlyh dyhudjlqj wlphv

UhGlp ]+qbsdwk/ pbdyh,

UhGlp V+5 - qbsdwk/ pbdyh,

UhGlp DY+5 - qbsdwk,

UhGlp dvldq+5 - qbsdwk,

UhGlp hxurshdq+5 - qbsdwk,

UhGlp rxwsxw+6,

Rshq **f=_grnxphqwhu_prqwhfduor_udqgrpbqrupdobvhhgb4::61w{w** b

Iru Lqsxw Dv &5

Iru p @ 4 Wr pbdyh

Iru q @ 4 Wr qbsdwk

Lqsxw &5/ ]+q/ p,

Qh{w q

Qh{w p

Forvh &5

*vwrfn sulfh vlpxodwlrq

Iru q @ 4 Wr qbsdwk

V+q/ 3, @ Vb3
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V+q . qbsdwk/ 3, @ Vb3

DY+q, @ 3

DY+q . qbsdwk, @ 3

Iru p @ 4 Wr pbdyh

V+q/ p, @ V+q/ p 0 4, - H{s++u 0 t 0 vljpd a5 2 5, - k . b

vljpd - Vtu+k, - ]+q/ p,, *vlpxodwhg sdwk

V+q . qbsdwk/ p, @ V+q . qbsdwk/ p 0 4, - H{s++u 0 t 0 vljpd a5 b

2 5, - k . vljpd - Vtu+k, - +0]+q/ p,,, *dqwlwkhwlf sdwk

DY+q, @ DY+q, . V+q/ p,

DY+q . qbsdwk, @ DY+q . qbsdwk, . V+q . qbsdwk/ p,

Qh{w p

DY+q, @ DY+q, 2 pbdyh *dyhudjh vwrfn sulfh

DY+q . qbsdwk, @ DY+q . qbsdwk, 2 pbdyh

Qh{w q

*rswlrq sulfh vlpxodwlrq

Iru q @ 4 Wr 5 - qbsdwk

dvldq+q, @ H{s+0u - W, - Pd{Ixqf+DY+q, 0 N/ 3,

hxurshdq+q, @ H{s+0u - W, - Pd{Ixqf+V+q/ pbdyh, 0 N/ 3,

Qh{w q

Y @ 3

Z @ 3

Iru q @ 4 Wr 5 - qbsdwk *Prqwh Fduor vlpxodwlrq

Y @ dvldq+q, . Y

Z @ hxurshdq+q, . Z

Qh{w q

Y @ Y 2 +5 - qbsdwk, *Dvldq rswlrq sulfh

Z @ Z 2 +5 - qbsdwk, *Hxurshdq rswlrq sulfh

vgD @ 3

vgH @ 3

Iru q @ 4 Wr qbsdwk

vgD @ ++dvldq+q, . dvldq+q . qbsdwk,, 2 5 0 Y, a5 . vgD

vgH @ ++hxurshdq+q, . hxurshdq+q . qbsdwk,, 2 5 0 Z, a5 . vgH

Qh{w q

vgD @ Vtu+vgD 2 +qbsdwk 0 4,, *vwdqgdug ghyldwlrq b

+vtxduh urrw ri vdpsoh yduldqfh,

vgH @ Vtu+vgH 2 +qbsdwk 0 4,,

rxwsxw+3, @ Y
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rxwsxw+4, @ vgD 2 Vtu+qbsdwk, *vwdqgdug ghyldwlrq ri hvwlpdwru

rxwsxw+5, @ Z

rxwsxw+6, @ vgH 2 Vtu+qbsdwk,

PrqwhFduorDqwlwkhwlf @ rxwsxw+,

Hqg Ixqfwlrq

D1416 Frqwuro yduldwhv

Ixqfwlrq PrqwhFduorFrqwuro+vljpd Dv Grxeoh/ N Dv Grxeoh/ b

pbdyh Dv Lqwhjhu/ t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ b

W Dv Grxeoh, Dv Yduldqw

Glp q Dv Orqj/ qbsdwk Dv Orqj/ p Dv Orqj

Glp k Dv Grxeoh

Glp ]+, Dv Grxeoh/ V+, Dv Grxeoh/ DY+, Dv Grxeoh/ DYjhr+, Dv Grxeoh

Glp dvldq+, Dv Grxeoh/ hxurshdq+, Dv Grxeoh/ dvldqbjhr+, Dv Grxeoh/ b

dvldqbqhz+, Dv Grxeoh

Glp Y Dv Grxeoh/ Z Dv Grxeoh/ Yjhr Dv Grxeoh/ Yqhz Dv Grxeoh/ b

Yjhrbwuxh Dv Grxeoh

Glp vgD Dv Grxeoh/ vgH Dv Grxeoh/ vgDjhr Dv Grxeoh/ vgDqhz Dv Grxeoh

Glp rxwsxw+, Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*pbdyh= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

qbsdwk @ 83333 *& sdwkv +uhsolfdwlrqv, lq wkh Prqwh Fduor vlpxodwlrq

k @ W 2 pbdyh *wlph ehwzhhq vxffhvvlyh dyhudjlqj wlphv

UhGlp ]+qbsdwk/ pbdyh,

UhGlp V+qbsdwk/ pbdyh,

UhGlp DY+qbsdwk,

UhGlp DYjhr+qbsdwk,

UhGlp dvldq+qbsdwk,

UhGlp hxurshdq+qbsdwk,
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UhGlp dvldqbjhr+qbsdwk,

UhGlp dvldqbqhz+qbsdwk,

UhGlp rxwsxw+;,

Rshq **f=_grnxphqwhu_prqwhfduor_udqgrpbqrupdobvhhgb4::61w{w** b

Iru Lqsxw Dv &5

Iru p @ 4 Wr pbdyh

Iru q @ 4 Wr qbsdwk

Lqsxw &5/ ]+q/ p,

Qh{w q

Qh{w p

Forvh &5

*vwrfn sulfh vlpxodwlrq

Iru q @ 4 Wr qbsdwk

V+q/ 3, @ Vb3

DY+q, @ 3

DYjhr+q, @ 4

Iru p @ 4 Wr pbdyh

V+q/ p, @ V+q/ p 0 4, - H{s++u 0 t 0 vljpd a5 2 5, - k . b

vljpd - Vtu+k, - ]+q/ p,, *vlpxodwhg sdwk

DY+q, @ DY+q, . V+q/ p,

DYjhr+q, @ DYjhr+q, - V+q/ p,

Qh{w p

DY+q, @ DY+q, 2 pbdyh *dyhudjh vwrfn sulfh

DYjhr+q, @ DYjhr+q, a+4 2 pbdyh, *jhrphwulf dyhudjh

Qh{w q

Yjhrbwuxh @ EVbjhrphwulf+vljpd/ N/ pbdyh/ t/ u/ Vb3/ W, b

*Dqdo|wlfdo vroxwlrq

*rswlrq sulfh vlpxodwlrq

Iru q @ 4 Wr qbsdwk

dvldq+q, @ H{s+0u - W, - Pd{Ixqf+DY+q, 0 N/ 3,

dvldqbjhr+q, @ H{s+0u - W, - Pd{Ixqf+DYjhr+q, 0 N/ 3,

*hxurshdq+q, @ H{s+0u - W, - Pd{Ixqf+V+q/ pbdyh, 0 N/ 3,

dvldqbqhz+q, @ dvldq+q, 0 dvldqbjhr+q, . Yjhrbwuxh

Qh{w q

*Prqwh Fduor vlpxodwlrq

Y @ 3
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Yjhr @ 3

*Z @ 3

Iru q @ 4 Wr qbsdwk

Y @ dvldq+q, . Y

Yjhr @ dvldqbjhr+q, . Yjhr

*Z @ hxurshdq+q, . Z

Qh{w q

Y @ Y 2 qbsdwk *Dvldq rswlrq sulfh

Yjhr @ Yjhr 2 qbsdwk *Jhrphwulf Dvldq rswlrq sulfh

*Z @ Z 2 qbsdwk *Hxurshdq rswlrq sulfh

Yqhz @ Y 0 Yjhr . Yjhrbwuxh b

*Wkh frqwuro yduldwh lv wkh jhrphwulf rswlrq

*vgD @ 3

vgDjhr @ 3

*vgH @ 3

vgDqhz @ 3

Iru q @ 4 Wr qbsdwk

*vgD @ +dvldq+q, 0 Y, a5 . vgD

vgDjhr @ +dvldqbjhr+q, 0 Yjhr, a5 . vgDjhr

*vgH @ +hxurshdq+q, 0 Z, a5 . vgH

vgDqhz @ +dvldqbqhz+q, 0 Yqhz, a5 . vgDqhz

Qh{w q

*vgD @ Vtu+vgD 2 +qbsdwk 0 4,, *vwdqgdug ghyldwlrq b

+vtxduh urrw ri vdpsoh yduldqfh,

vgDjhr @ Vtu+vgDjhr 2 +qbsdwk 0 4,,

*vgH @ Vtu+vgH 2 +qbsdwk 0 4,,

vgDqhz @ Vtu+vgDqhz 2 +qbsdwk 0 4,,

rxwsxw+3, @ Yqhz

rxwsxw+4, @ vgDqhz 2 Vtu+qbsdwk, *vwdqgdug ghyldwlrq ri hvwlpdwru

rxwsxw+5, @ Yjhr

rxwsxw+6, @ vgDjhr 2 Vtu+qbsdwk,

rxwsxw+7, @ Yjhrbwuxh

*rxwsxw+8, @ Y

*rxwsxw+9, @ vgD 2 Vtu+qbsdwk,

*rxwsxw+:, @ Z

*rxwsxw+;, @ vgH 2 Vtu+qbsdwk,

PrqwhFduorFrqwuro @ rxwsxw+,
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Hqg Ixqfwlrq

Ixqfwlrq EVbjhrphwulf+vljpd/ N/ pbdyh/ t/ u/ Vb3/ W, Dv Grxeoh

Glp k Dv Grxeoh/ pj Dv Grxeoh/ vj Dv Grxeoh/ g4 Dv Grxeoh/ b

g5 Dv Grxeoh

k @ W 2 pbdyh

pj @ Orj+Vb3, . +u 0 t 0 vljpd a5 2 5, - +W . k, 2 5

vj @ Vtu+vljpd a5 - k - +5 - pbdyh . 4, - +pbdyh . 4, 2 +9 - pbdyh,,

g4 @ +pj 0 Orj+N, . vj a5, 2 vj

g5 @ g4 0 vj

EVbjhrphwulf @ H{s+0u - W, - +H{s+pj . vj a5 2 5, - b

ZrunvkhhwIxqfwlrq1QrupVGlvw+g4, 0 b

N - ZrunvkhhwIxqfwlrq1QrupVGlvw+g5,,

Hqg Ixqfwlrq



Dsshqgl{ E

Wxuqexoo dqg Zdnhpdq

E14 Prphqwv

Wr fdofxodwh wkh prphqwv ri wkh wuxh glvwulexwlrq ri wkh dyhudjh/ zh xvh

.du6
� o ' .dE� n-�u�n��

6oc � ' �c 2c ���c ?c 6 ' �c 2c ��� +E14,

Iru uhdo qxpehuv @ dqg K

E@n K�2 ' @2 n K2 n 2@K +E15,

E@n K�� ' @� n K� n �@2Kn �@K2 +E16,

E@n K�e ' @e n Ke n e@�Kn e@K� n S@2K2 +E17,

Wkh �uvw irxu prphqwv ri u� duh wkhq

.du�o ' .d� n-�u�n�o +E18,

.du2
� o ' .dE� n-�u�n��

2o

' .d� n-2
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2
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' � n.d-2
� o.du

2
�n�o n 2.d-�o.du�n�o +E19,
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�u
2
�n�o

' � n.d-�
� o.du

�
�n�o n �.d-2

� o.du
2
�n�o n �.d-�o.du�n�o +E1:,

.due
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' .d� n-e
�u

e
�n� n e-�u�n� n e-�

�u
�
�n� n S-2

�u
2
�n�o

' � n.d-e
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e
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�n�o n S.d-2

� o.du
2
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ne.d-�o.du�n�o +E1;,

43:
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E15 Fxpxodqwv

Iru uhdo qxpehuv @ dqg K

E@� K�2 ' @2 n K2 � 2@K

E@� K�� ' @� � K� � �@2Kn �@K2

E@� K�e ' @e n Ke � e@�K� e@K� n S@2K2

Ohw t kdyh glvwulexwlrq 8 1 Wkhq wkh fxpxodqwv duh

V�E8 � ' .dt o +E1<,

V2E8 � ' .dEt � .dt o�2o

' .dt 2 n.dt o2 � 2t .dt oo

' .dt 2o�.dt o2 +E143,

V�E8 � ' .dEt � .dt o��o

' .dt � � .dt o� � �t 2.dt o n �t .dt o2o

' .dt �o�.dt o� � �.dt 2o.dt o n �.dt o�

' .dt �o n 2.dt o� � �.dt 2o.dt o +E144,

VeE8 � ' .dEt � .dt o�eo� �EV2E8 ��
2

' .dt e n.dt oe � et �.dt o� et .dt o� n St 2.dt o2o

��E.dt 2o�.dt o2�2

' .dt eo n.dt oe � e.dt �o.dt o� e.dt oe n S.dt 2o.dt o2

��.dt 2o2 � �.dt oe n S.dt 2o.dt o2

' .dt eo� S.dt oe � e.dt �o.dt o n �2.dt 2o.dt o2

��.dt 2o2 +E145,

^Wxuqexoo dqg Zdnhpdq/ 4<<4` dqg ^Mduurz dqg Uxgg/ 4<;5` duh lqfrqvlvwhqw
uhjduglqj wkh gh�qlwlrq ri Ve1 Wkh �uvw wzr dxwkruv vxewudfw �V2E8 � lqvwhdg
ri �EV2E8 ��

2/ zklfk lv suredeo| gxh wr d w|srjudsklfdo huuru1 Qxphulfdoo|/
wklv grhvq*w pdnh dq| gl�huhqfh lq rxu vhwxs/ ehfdxvh zh kdyh vhw wkh �uvw
wzr prphqwv htxdo lq wkh wzr glvwulexwlrqv1

E16 Prphqw pdwfklqj

Pdwfklqj wkh prphqwv ri wkh dssur{lpdwlqj orjqrupdo glvwulexwlrq wr wkh
wuxh glvwulexwlrq uhtxluhv xv wr vroyh wkh iroorzlqj v|vwhp ri htxdwlrqv
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Vhw

�E%� '
D � *?%

b2
� �c % : f +E148,

Wkh vhfrqg ghulydwlyh lv wkhq
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EE
D � *?%

b2
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D � *?%

b2
� 2�� �

b2
�c % : f +E149,

E18 Ylvxdo Edvlf frgh

Ixqfwlrq WxuqexooZdnhpdq+vljpd Dv Grxeoh/ N Dv Grxeoh/ b

q Dv Lqwhjhu/ t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ b

W Dv Grxeoh, Dv Yduldqw

Glp vljVt Dv Grxeoh/ k Dv Grxeoh/ n5 Dv Grxeoh

Glp U4 Dv Grxeoh/ U5 Dv Grxeoh/ U6 Dv Grxeoh/ U7 Dv Grxeoh

Glp O4 Dv Grxeoh/ O5 Dv Grxeoh/ O6 Dv Grxeoh/ O7 Dv Grxeoh

Glp m Dv Lqwhjhu

Glp \4 Dv Grxeoh/ \5 Dv Grxeoh/ \6 Dv Grxeoh/ \7 Dv Grxeoh

Glp D4 Dv Grxeoh/ D5 Dv Grxeoh/ D6 Dv Grxeoh/ D7 Dv Grxeoh

Glp p|bdssur{ Dv Grxeoh/ vljVtbdssur{ Dv Grxeoh

Glp f5 Dv Grxeoh/ f6 Dv Grxeoh/ f7 Dv Grxeoh

Glp g4 Dv Grxeoh/ g5 Dv Grxeoh

Glp sulfh Dv Grxeoh

Glp whup4 Dv Grxeoh/ whup5 Dv Grxeoh/ whup6 Dv Grxeoh

Glp Sulfh5 Dv Grxeoh/ Sulfh6 Dv Grxeoh/ SulfhDooWhupv Dv Grxeoh

Glp rxwsxw+;, Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*q= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh
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*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

vljVt @ vljpd a5

k @ W 2 q *wlph lqfuhphqw ehwzhhq dyhudjlqj gdwhv

n5 @ N - q 2 Vb3 *vfdohg vwulnh sulfh 0 +orzhu fdvh, n lq WZ duwlfoh

*SDUW 4 0 fdofxodwh prphqwv ri wuxh glvwulexwlrq

*l@W0+q04, lq WZ duwlfoh

U4 @ OrjPrphqw+4/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

U5 @ OrjPrphqw+5/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

U6 @ OrjPrphqw+6/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

U7 @ OrjPrphqw+7/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

O4 @ 4 *O+W.4,@O+l.q,@4

O5 @ 4

O6 @ 4

O7 @ 4

Iru m @ +q 0 4, Wr 4 Vwhs 04 *wlph l.m/ l1h1 wlph W wr wlph W0q.5

*Sulrulw| O7/O6/O5/O4 lpsruwdqw$

O7 @ 4 . U7 - O7 . 7 - U6 - O6 . 9 - U5 - O5 . 7 - U4 - O4

O6 @ 4 . U6 - O6 . 6 - U5 - O5 . 6 - U4 - O4

O5 @ 4 . U5 - O5 . 5 - U4 - O4

O4 @ 4 . U4 - O4

Qh{w m

*Prphqwv ri wuxh glvwulexwlrq

\4 @ U4 - O4

\5 @ U5 - O5

\6 @ U6 - O6

\7 @ U7 - O7

*SDUW 5 0 fdofxodwh prphqwv ri dssur{lpdwlqj glvwulexwlrq

*pdwfk prphqwv ri dssur{1 glvw1 wr wuxh glvw1

p|bdssur{ @ 5 - Orj+\4, 0 Orj+\5, 2 5

vljVtbdssur{ @ Orj+\5, 0 5 - Orj+\4,

*Prphqwv ri dssur{lpdwlqj glvwulexwlrq

D4 @ \4 *shu frqvwuxfwlrq

D5 @ \5 *shu frqvwuxfwlrq

D6 @ OrjPrphqw+6/ p|bdssur{/ vljVtbdssur{,
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D7 @ OrjPrphqw+7/ p|bdssur{/ vljVtbdssur{,

*SDUW 6 0 fdofxodwh rswlrq sulfh

f5 @ \5 0 \4 a5 0 +D5 0 D4 a5,

f6 @ \6 . 5 - \4 a6 0 6 - \5 - \4

f6 @ f6 0 +D6 . 5 - D4 a6 0 6 - D5 - D4,

f7 @ \7 0 9 - \4 a7 0 7 - \6 - \4 . 45 - \5 - \4 a5 0 6 - \5 a5

f7 @ f7 0 +D7 0 9 - D4 a7 0 7 - D6 - D4 . 45 - D5 - D4 a5 0 6 - D5 a5,

f7 @ f7 . 6 - f5 a5

g4 @ +0Orj+n5, . p|bdssur{ . vljVtbdssur{, 2 Vtu+vljVtbdssur{,

g5 @ g4 0 Vtu+vljVtbdssur{,

sulfh @ H{s+p|bdssur{ . vljVtbdssur{ 2 5, - b

ZrunvkhhwIxqfwlrq1QrupVGlvw+g4, 0 b

n5 - ZrunvkhhwIxqfwlrq1QrupVGlvw+g5,

*sulfh @ sulfh . f5 2 5 - OrjGhqvlw|+3/ n5/ p|bdssur{/ vljVtbdssur{,

*sulfh @ sulfh 0 f6 2 9 - OrjGhqvlw|+4/ n5/ p|bdssur{/ vljVtbdssur{,

*sulfh @ sulfh . f7 2 57 - OrjGhqvlw|+5/ n5/ p|bdssur{/ vljVtbdssur{,

sulfh @ sulfh - H{s+0u - W, - Vb3 2 q

*whup4@3 lq wklv vhwxs vlqfh f5@3

whup4 @ f5 2 5 - OrjGhqvlw|+3/ n5/ p|bdssur{/ vljVtbdssur{, - b

H{s+0u - W, - Vb3 2 q

whup5 @ 0f6 2 9 - OrjGhqvlw|+4/ n5/ p|bdssur{/ vljVtbdssur{, - b

H{s+0u - W, - Vb3 2 q

whup6 @ f7 2 57 - OrjGhqvlw|+5/ n5/ p|bdssur{/ vljVtbdssur{, - b

H{s+0u - W, - Vb3 2 q

Sulfh5 @ sulfh . whup4

Sulfh6 @ sulfh . whup4 . whup5

SulfhDooWhupv @ sulfh . whup4 . whup5 . whup6

rxwsxw+3, @ SulfhDooWhupv *WZ sulfh

rxwsxw+4, @ Sulfh6 *Qr fruuhfwlrq iru glii1 lq 71 fxpxodqwv

rxwsxw+5, @ Sulfh5 *Ohy| sulfh/ qr fruu1 iru glii1 lq fxpxodqwv

rxwsxw+6, @ whup5 *fruuhfwlrq iru glii1 lq 61 fxpxodqwv

rxwsxw+7, @ whup6 *fruuhfwlrq iru glii1 lq 71 fxpxodqwv

rxwsxw+8, @ f6 2 9

rxwsxw+9, @ OrjGhqvlw|+4/ n5/ p|bdssur{/ vljVtbdssur{,

rxwsxw+:, @ f7 2 57
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rxwsxw+;, @ OrjGhqvlw|+5/ n5/ p|bdssur{/ vljVtbdssur{,

WxuqexooZdnhpdq @ rxwsxw+,

Hqg Ixqfwlrq

Ixqfwlrq OrjPrphqw+p Dv Lqwhjhu/ p| Dv Grxeoh/ vljVt Dv Grxeoh, b

Dv Grxeoh

*Uhwxuqv wkh p*wk prphqw ri orjQ+p|/ vljVt,

OrjPrphqw @ H{s+p| - p . vljVt - p a5 2 5,

Hqg Ixqfwlrq

Ixqfwlrq OrjGhqvlw|+ghuly Dv Lqwhjhu/ { Dv Grxeoh/ p| Dv Grxeoh/ b

vljVt Dv Grxeoh, Dv Grxeoh

*Ghqvlw| ixqfwlrq +dqg ghulydwlyhv, ri orjQ+p|/ vljVt,

Glp sl Dv Grxeoh/ iudf Dv Grxeoh/ i Dv Grxeoh

sl @ 7 - Dwq+4,

iudf @ +p| 0 Orj+{,, 2 vljVt

i @ 4 2 +Vtu+5 - sl - vljVt, - {, - H{s+0+p| 0 Orj+{,, a5 2 +5 - vljVt,,

Li ghuly @ 3 Wkhq

*orjqrupdo ghqvlw| i+{,

OrjGhqvlw| @ i

HovhLi ghuly @ 4 Wkhq

*41 rughu ghulydwlyh i*+{,

OrjGhqvlw| @ i 2 { - +iudf 0 4,

HovhLi ghuly @ 5 Wkhq

*51 rughu ghulydwlyh i**+{,

OrjGhqvlw| @ i 2 { a5 - ++iudf 0 4, - +iudf 0 5, 0 4 2 vljVt,

Hovh

Vwrs

Hqg Li

Hqg Ixqfwlrq
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Iru k : �

KEk� ' Ek� ��KEk� ��
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F15 Uhflsurfdo jdppd glvwulexwlrq

F1514 Prphqwv
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zkhuh zh kdyh xvhg +F16, vxffhvvlyho|1
Wkh �uvw wzr +srvlwlyh, prphqwv ri wkh uhflsurfdo jdppd glvwulexwlrq

duh/ fi1 +F17,

�� '
�

qEk� ��
+F18,
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dqg
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Zh zdqw wr vroyh iru k dqg q lq wkhvh htxdwlrqv1 +F18, dqg +F19, fdq eh
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q '
�2 ��2

�

���2
+F144,

F1515 Ghqvlw| dqg ghulydwlyhv
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zkhuh } lv wkh ghqvlw| ixqfwlrq ri wkh jdppd glvwulexwlrq/ fi1 +914,1 Vhw

SEkc q� ' KEk�3�q3k +F146,

�E+� ' +3k3� i TE�q3�+3��c + : f +F147,

vr

}-E+� ' SEkc q��E+� +F148,
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F16 Prphqwv
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Ohy|*v irupxodh zlwk 1 ' fc 6 ' fc | ' fc Af ' f +lq klv qrwdwlrq, duh
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dqg
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F17 Ylvxdo Edvlf frgh

Ixqfwlrq Plohyvn|Srvqhu+vljpd Dv Grxeoh/ N Dv Grxeoh/ q Dv Lqwhjhu/ b

t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ W Dv Grxeoh, Dv Grxeoh

Glp vljVt Dv Grxeoh/ k Dv Grxeoh/ j Dv Grxeoh

Glp D4 Dv Grxeoh/ D5 Dv Grxeoh/ D6 Dv Grxeoh/ D7 Dv Grxeoh

Glp P4 Dv Grxeoh/ P5 Dv Grxeoh

Glp doskd Dv Grxeoh/ ehwd Dv Grxeoh

Glp J4 Dv Grxeoh/ J5 Dv Grxeoh

Glp sulfh Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*q= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

vljVt @ vljpd a5

k @ W 2 q *wlph lqfuhphqw ehwzhhq dyhudjlqj gdwhv

j @ u 0 t

*dgmxvwhg Ohy| irupxod iru 41 dqg 51 prphqw ri dyhudjh

Li j @ 3 Wkhq

P4 @ Vb3

*frqwlqxrxv wlph P5

P5 @ 5 - Vb3 a5 2 W a5 - +H{s+vljVt - W, 0 4 0 vljVt - W, 2 vljVt a5

Vwrs *u @ t +j @ 3, qrw lpsohphqwhg lq glvfuhwh wlph$

Hovh

P4 @ Vb3 2 q - H{s+j - k, - +4 0 H{s+j - q - k,, 2 +4 0 H{s+j - k,,

D4 @ +4 0 H{s+j - k,, - +4 0 H{s++5 - j . vljVt, - k,,

D4 @ +H{s++5 - j . vljVt, - k, 0 H{s++5 - j . vljVt, - b

+q . 4, - k,, 2 D4

D5 @ +4 0 H{s+j - k,, - +4 0 H{s++j . vljVt, - k,,

D5 @ +H{s++j - +q . 5, . vljVt, - k, 0 H{s++5 - j . vljVt, - b

+q . 4, - k,, 2 D5

D6 @ +4 0 H{s+j - k,, - +4 0 H{s++j . vljVt, - k,,

D6 @ +H{s++6 - j . vljVt, - k, 0 H{s++j - +q . 5, . vljVt, - k,, 2 D6

D7 @ +4 0 H{s++j . vljVt, - k,, - +4 0 H{s++5 - j . vljVt, - k,,
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D7 @ +H{s++5 - j . vljVt, - 5 - k, 0 H{s++5 - j . vljVt, - b

+q . 4, - k,, 2 D7

P5 @ Vb3 a5 2 q a5 - +D4 0 D5 . D6 0 D7,

Hqg Li

*Prphqwpdwfklqj

doskd @ +5 - P5 0 P4 a5, 2 +P5 0 P4 a5,

ehwd @ +P5 0 P4 a5, 2 +P5 - P4,

J4 @ ZrunvkhhwIxqfwlrq1JdppdGlvw+4 2 N/ doskd 0 4/ ehwd/ Wuxh,

J5 @ ZrunvkhhwIxqfwlrq1JdppdGlvw+4 2 N/ doskd/ ehwd/ Wuxh,

sulfh @ H{s+0u - W, - +P4 - J4 0 N - J5, *Dvldq rswlrq sulfh

Plohyvn|Srvqhu @ sulfh

Hqg Ixqfwlrq

Ixqfwlrq Plohyvn|SrvqhuFrqwlqxrxv+vljpd Dv Grxeoh/ N Dv Grxeoh/ b

q Dv Lqwhjhu/ t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ b

W Dv Grxeoh, Dv Grxeoh

Glp vljVt Dv Grxeoh

Glp P4 Dv Grxeoh/ P5 Dv Grxeoh/ P5bvxe Dv Grxeoh

Glp doskd Dv Grxeoh/ ehwd Dv Grxeoh

Glp J4 Dv Grxeoh/ J5 Dv Grxeoh

Glp sulfh Dv Grxeoh

vljVt @ vljpd a5

*Wkh yduldeoh q lv qrw xvhg$

Li u @ t Wkhq

P4 @ Vb3

P5 @ 5 - Vb3 a5 2 W a5 - +H{s+vljVt - W, 0 4 0 vljVt - W, 2 vljVt a5

Hovh

P4 @ Vb3 - +H{s++u 0 t, - W, 0 4,

P4 @ P4 2 ++u 0 t, - W,

P5bvxe @ +u 0 t . vljVt, - +5 - u 0 5 - t . vljVt,

P5bvxe @ H{s++5 - +u 0 t, . vljVt, - W, 2 P5bvxe
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P5 @ 4 2 +5 - +u 0 t, . vljVt,

P5 @ P5 0 H{s++u 0 t, - W, 2 +u 0 t . vljVt,

P5 @ P5 2 +u 0 t, . P5bvxe

P5 @ P5 - 5 - Vb3 a5 2 W a5

Hqg Li

*Prphqwpdwfklqj

doskd @ +5 - P5 0 P4 a5, 2 +P5 0 P4 a5,

ehwd @ +P5 0 P4 a5, 2 +P5 - P4,

J4 @ ZrunvkhhwIxqfwlrq1JdppdGlvw+4 2 N/ doskd 0 4/ ehwd/ Wuxh,

J5 @ ZrunvkhhwIxqfwlrq1JdppdGlvw+4 2 N/ doskd/ ehwd/ Wuxh,

sulfh @ H{s+0u - W, - +P4 - J4 0 N - J5, *Dvldq rswlrq sulfh

Plohyvn|SrvqhuFrqwlqxrxv @ sulfh

Hqg Ixqfwlrq

Ixqfwlrq PSlpsuryhg+vljpd Dv Grxeoh/ N Dv Grxeoh/ q Dv Lqwhjhu/ b

t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ W Dv Grxeoh, Dv Grxeoh

*Xvhv wkh WZ phwkrg lq d PS vhwxs

Glp vljVt Dv Grxeoh/ k Dv Grxeoh/ n5 Dv Grxeoh

Glp U4 Dv Grxeoh/ U5 Dv Grxeoh/ U6 Dv Grxeoh/ U7 Dv Grxeoh

Glp O4 Dv Grxeoh/ O5 Dv Grxeoh/ O6 Dv Grxeoh/ O7 Dv Grxeoh

Glp m Dv Lqwhjhu

Glp \4 Dv Grxeoh/ \5 Dv Grxeoh/ \6 Dv Grxeoh/ \7 Dv Grxeoh

Glp D4 Dv Grxeoh/ D5 Dv Grxeoh/ D6 Dv Grxeoh/ D7 Dv Grxeoh

Glp doid Dv Grxeoh/ ehwd Dv Grxeoh

Glp f5 Dv Grxeoh/ f6 Dv Grxeoh/ f7 Dv Grxeoh

Glp J4 Dv Grxeoh/ J5 Dv Grxeoh

Glp sulfh Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*q= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|
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vljVt @ vljpd a5

k @ W 2 q *wlph lqfuhphqw ehwzhhq dyhudjlqj gdwhv

n5 @ q - N 2 Vb3 *+orzhu fdvh, n lq WZ duwlfoh

*SDUW 4 0 fdofxodwh prphqwv ri wuxh glvwulexwlrq

*l@W0+q04, lq WZ duwlfoh

U4 @ OrjPrphqw+4/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

U5 @ OrjPrphqw+5/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

U6 @ OrjPrphqw+6/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

U7 @ OrjPrphqw+7/ +u 0 t 0 vljVt 2 5, - k/ vljVt - k,

O4 @ 4 *O+W.4,@O+l.q,@4

O5 @ 4

O6 @ 4

O7 @ 4

Iru m @ +q 0 4, Wr 4 Vwhs 04 *wlph l.m/ l1h1 wlph W wr wlph W0q.5

*Sulrulw| O7/O6/O5/O4 lpsruwdqw$

O7 @ 4 . U7 - O7 . 7 - U6 - O6 . 9 - U5 - O5 . 7 - U4 - O4

O6 @ 4 . U6 - O6 . 6 - U5 - O5 . 6 - U4 - O4

O5 @ 4 . U5 - O5 . 5 - U4 - O4

O4 @ 4 . U4 - O4

Qh{w m

*Prphqwv ri wuxh glvwulexwlrq

\4 @ U4 - O4

\5 @ U5 - O5

\6 @ U6 - O6

\7 @ U7 - O7

*SDUW 5 0 fdofxodwh prphqwv ri dssur{lpdwlqj glvwulexwlrq

*pdwfk prphqwv ri dssur{1 glvw1 wr wuxh glvw1

doid @ +5 - \5 0 \4 a5, 2 +\5 0 \4 a5,

ehwd @ +\5 0 \4 a5, 2 +\4 - \5,

*Prphqwv ri dssur{lpdwlqj glvwulexwlrq

D4 @ \4 *shu frqvwuxfwlrq

D5 @ \5 *shu frqvwuxfwlrq

D6 @ UJPrphqw+6/ doid/ ehwd,

D7 @ UJPrphqw+7/ doid/ ehwd,

*SDUW 6 0 fdofxodwh rswlrq sulfh
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f5 @ \5 0 \4 a5 0 +D5 0 D4 a5,

f6 @ \6 . 5 - \4 a6 0 6 - \5 - \4

f6 @ f6 0 +D6 . 5 - D4 a6 0 6 - D5 - D4,

f7 @ \7 0 9 - \4 a7 0 7 - \6 - \4 . 45 - \5 - \4 a5 0 6 - \5 a5

f7 @ f7 0 +D7 0 9 - D4 a7 0 7 - D6 - D4 . 45 - D5 - D4 a5 0 6 - D5 a5,

f7 @ f7 . 6 - f5 a5

J4 @ ZrunvkhhwIxqfwlrq1JdppdGlvw+4 2 n5/ doid 0 4/ ehwd/ Wuxh,

J5 @ ZrunvkhhwIxqfwlrq1JdppdGlvw+4 2 n5/ doid/ ehwd/ Wuxh,

sulfh @ \4 - J4 0 n5 - J5

sulfh @ sulfh . f5 2 5 - UJGhqvlw|+3/ n5/ doid/ ehwd,

sulfh @ sulfh 0 f6 2 9 - UJGhqvlw|+4/ n5/ doid/ ehwd,

sulfh @ sulfh . f7 2 57 - UJGhqvlw|+5/ n5/ doid/ ehwd,

sulfh @ sulfh - H{s+0u - W, - Vb3 2 q

PSlpsuryhg @ sulfh

Hqg Ixqfwlrq

Ixqfwlrq UJPrphqw+p Dv Lqwhjhu/ doid Dv Grxeoh/ b

ehwd Dv Grxeoh, Dv Grxeoh

*Uhwxuqv wkh p*wk prphqw ri uhflsurfdo jdppd+doid/ ehwd,

Li doid A p Wkhq

Li p @ 4 Wkhq

UJPrphqw @ 4 2 +ehwd - +doid 0 4,,

HovhLi p @ 5 Wkhq

UJPrphqw @ 4 2 +ehwd a5 - +doid 0 4, - +doid 0 5,,

HovhLi p @ 6 Wkhq

UJPrphqw @ 4 2 +ehwd a6 - +doid 0 4, - +doid 0 5, - +doid 0 6,,

HovhLi p @ 7 Wkhq

UJPrphqw @ 4 2 +ehwd a7 - +doid 0 4, - +doid 0 5, - b

+doid 0 6, - +doid 0 7,,

Hovh

Vwrs

Hqg Li

Hovh

Vwrs

Hqg Li
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Hqg Ixqfwlrq

Ixqfwlrq UJGhqvlw|+ghuly Dv Lqwhjhu/ { Dv Grxeoh/ b

doid Dv Grxeoh/ ehwd Dv Grxeoh, Dv Grxeoh

*Ghqvlw| ixqfwlrq +dqg ghulydwlyhv, ri uhflsurfdo jdppd+doid/ ehwd,

Glp i Dv Grxeoh

i @ ehwd a+0doid, - { a+0doid 0 4, - H{s+04 2 +ehwd - {,, b

2 H{s+ZrunvkhhwIxqfwlrq1JdppdOq+doid,,

Li ghuly @ 3 Wkhq

*uhflsurfdo jdppd ghqvlw| i+{,

UJGhqvlw| @ i

HovhLi ghuly @ 4 Wkhq

*41 rughu ghulydwlyh i*+{,

UJGhqvlw| @ i - +ehwd a+04, - { a+05, 0 +doid . 4, - { a+04,,

HovhLi ghuly @ 5 Wkhq

*51 rughu ghulydwlyh i**+{,

UJGhqvlw| @ i - +ehwd a+05, - { a+07, 0 5 - ehwd a+04, - b

+doid . 5, - { a+06, . +doid a5 . 6 - doid . 5, - { a+05,,

Hovh

Vwrs

Hqg Li

Hqg Ixqfwlrq
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Yruvw
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Ixqfwlrq Yruvw<5+vljpd Dv Grxeoh/ N Dv Grxeoh/ q Dv Lqwhjhu/ b

t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ W Dv Grxeoh, Dv Yduldqw

Glp vljVt Dv Grxeoh/ k Dv Grxeoh

Glp phdqJhr Dv Grxeoh/ yduJhr Dv Grxeoh/ HD Dv Grxeoh/ HJ Dv Grxeoh

Glp g4 Dv Grxeoh/ g5 Dv Grxeoh/ sulfhJhr Dv Grxeoh

Glp xsErxqg Dv Grxeoh

Glp Nqhz Dv Grxeoh/ g4qhz Dv Grxeoh/ g5qhz Dv Grxeoh/ sulfh Dv Grxeoh

Glp rxwsxw+5, Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*q= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

vljVt @ vljpd a5

k @ W 2 q *wlph lqfuhphqw ehwzhhq dyhudjlqj gdwhv

*Phdq dqg yduldqfh ri orjdulwkp ri jhrphwulf dyhudjh

phdqJhr @ Orj+Vb3, . +u 0 t 0 vljVt 2 5, - +W . k, 2 5

yduJhr @ vljVt - +k . +W 0 k, - +5 - q 0 4, 2 +9 - q,,

*Phdq ri dulwkphwlf dqg jhrphwulf dyhudjhv

45:
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HD @ Vb3 2 q - H{s++u 0 t, - k, - +4 0 H{s++u 0 t, - q - k,, b

2 +4 0 H{s++u 0 t, - k,,

HJ @ H{s+phdqJhr . yduJhr 2 5,

*Sulfh ri jhrphwulf Dvldq rswlrq

g4 @ +phdqJhr 0 Orj+N, . yduJhr, 2 Vtu+yduJhr,

g5 @ g4 0 Vtu+yduJhr,

sulfhJhr @ H{s+0u - W, - +HJ - ZrunvkhhwIxqfwlrq1QrupVGlvw+g4, 0 b

N - ZrunvkhhwIxqfwlrq1QrupVGlvw+g5,,

xsErxqg @ sulfhJhr . H{s+0u - W, - +HD 0 HJ,

*Dssur{lpdwh sulfh ri Dvldq rswlrq ^Yruvw/ 4<<5`

Nqhz @ N 0 +HD 0 HJ, *Dgmxvwhg vwulnh sulfh

g4qhz @ +phdqJhr 0 Orj+Nqhz, . yduJhr, 2 Vtu+yduJhr,

g5qhz @ g4qhz 0 Vtu+yduJhr,

sulfh @ H{s+0u - W, - +HJ - ZrunvkhhwIxqfwlrq1QrupVGlvw+g4qhz, 0 b

Nqhz - ZrunvkhhwIxqfwlrq1QrupVGlvw+g5qhz,,

rxwsxw+3, @ sulfh

rxwsxw+4, @ xsErxqg *xsshu erxqg

rxwsxw+5, @ sulfhJhr *orzhu erxqg

Yruvw<5 @ rxwsxw

Hqg Ixqfwlrq
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Fxuudq
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Ixqfwlrq Fxuudq<7+vljpd Dv Grxeoh/ N Dv Grxeoh/ q Dv Lqwhjhu/ b

t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ W Dv Grxeoh, Dv Yduldqw

Glp vljVt Dv Grxeoh/ k Dv Grxeoh

Glp phdqJ Dv Grxeoh/ yduJ Dv Grxeoh

Glp l Dv Lqwhjhu

Glp phdqV+, Dv Grxeoh/ yduV+, Dv Grxeoh/ fryVJ+, Dv Grxeoh

Glp g4+, Dv Grxeoh/ g5 Dv Grxeoh

Glp L4 Dv Grxeoh/ L5 Dv Grxeoh/ f5 Dv Grxeoh

Glp | Dv Grxeoh/ HDJ Dv Grxeoh/ ghowd Dv Grxeoh

Glp sulfh Dv Grxeoh

Glp rxwsxw+4, Dv Grxeoh

*vljpd= yrodwlolw|

*N= vwulnh sulfh

*q= & dyhudjlqj wlphv

*t= vwrfn glylghqg

*u= lqwhuhvw udwh

*Vb3= vwrfn sulfh dw wlph 3

*W= wlph wr pdwxulw|

UhGlp phdqV+q,

UhGlp yduV+q,

UhGlp fryVJ+q,

UhGlp g4+q,

45<
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vljVt @ vljpd a5

k @ W 2 q *wlph lqfuhphqw ehwzhhq dyhudjlqj gdwhv

*Phdq dqg yduldqfh ri orjdulwkp ri jhrphwulf dyhudjh oq+J,

phdqJ @ Orj+Vb3, . +u 0 t 0 vljVt 2 5, - +W . k, 2 5

yduJ @ vljVt - k - +5 - q . 4, - +q . 4, 2 +9 - q,

Iru l @ 4 Wr q

*Phdq dqg yduldqfh ri orjdulwkp ri vwrfn sulfh oq+V,

phdqV+l, @ Orj+Vb3, . +u 0 t 0 vljVt 2 5, - l - k

yduV+l, @ vljVt - l - k

*Fryduldqfh ehwzhhq oq+V, dqg oq+J,

fryVJ+l, @ vljVt - k - ++5 - q . 4, - l 0 l a5, 2 +5 - q,

Qh{w l

*Fdofxodwh O wr uhsodfh N dv wkh orzhu olplw lq wkh lqwhjudo

ghowd @ 43 a09 *vwhsvl}h

| @ Orj+N, *lqlwldo ydoxh +zklfk lv wrr kljk,

HDJ @ FrqgPhdq+|/ vljpd/ N/ q/ t/ u/ Vb3/ W,

Gr Zkloh HDJ A N

| @ | 0 ghowd

HDJ @ FrqgPhdq+|/ vljpd/ N/ q/ t/ u/ Vb3/ W,

Orrs

*Dw wklv srlqw HDJ ? N vr zh xvh wkh odvw exw rqh |

| @ | . ghowd

O @ H{s+|,

*Fdofxodwh rswlrq sulfh

L4 @ 3

Iru l @ 4 Wr q

g4+l, @ +phdqJ 0 Orj+O, . fryVJ+l,, 2 Vtu+yduJ,

L4 @ L4 . H{s+phdqV+l, . yduV+l, 2 5, b

- ZrunvkhhwIxqfwlrq1QrupVGlvw+g4+l,,

Qh{w l

L4 @ L4 2 q

g5 @ +phdqJ 0 Orj+O,, 2 Vtu+yduJ,

L5 @ N - ZrunvkhhwIxqfwlrq1QrupVGlvw+g5,
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sulfh @ H{s+0u - W, - +L4 0 L5,

rxwsxw+3, @ sulfh

rxwsxw+4, @ O

Fxuudq<7 @ rxwsxw+,

Hqg Ixqfwlrq

Ixqfwlrq FrqgPhdq+| Dv Grxeoh/ vljpd Dv Grxeoh/ N Dv Grxeoh/ q Dv Lqwhjhu/ b

t Dv Grxeoh/ u Dv Grxeoh/ Vb3 Dv Grxeoh/ W Dv Grxeoh, Dv Grxeoh

Glp vljVt Dv Grxeoh/ k Dv Grxeoh

Glp phdqJ Dv Grxeoh/ yduJ Dv Grxeoh

Glp l Dv Lqwhjhu

Glp phdqV+, Dv Grxeoh/ yduV+, Dv Grxeoh/ fryVJ+, Dv Grxeoh

Glp uhvxow Dv Grxeoh

UhGlp phdqV+q,

UhGlp yduV+q,

UhGlp fryVJ+q,

vljVt @ vljpd a5

k @ W 2 q *wlph lqfuhphqw ehwzhhq dyhudjlqj gdwhv

*Phdq dqg yduldqfh ri orjdulwkp ri jhrphwulf dyhudjh oq+J,

phdqJ @ Orj+Vb3, . +u 0 t 0 vljVt 2 5, - +W . k, 2 5

yduJ @ vljVt - k - +5 - q . 4, - +q . 4, 2 +9 - q,

Iru l @ 4 Wr q

*Phdq dqg yduldqfh ri orjdulwkp ri vwrfn sulfh oq+V,

phdqV+l, @ Orj+Vb3, . +u 0 t 0 vljVt 2 5, - l - k

yduV+l, @ vljVt - l - k

*Fryduldqfh ehwzhhq oq+V, dqg oq+J,

fryVJ+l, @ vljVt - k - ++5 - q . 4, - l 0 l a5, 2 +5 - q,

Qh{w l

uhvxow @ 3

Iru l @ 4 Wr q

uhvxow @ uhvxow . H{s+phdqV+l, . +| 0 phdqJ, - fryVJ+l, 2 yduJ b

. +yduV+l, 0 fryVJ+l, a5 2 yduJ, 2 5,

Qh{w l
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uhvxow @ uhvxow 2 q

FrqgPhdq @ uhvxow

Hqg Ixqfwlrq



Eleolrjudsk|

^Ed{whu dqg Uhqqlh/ 4<<9` Ed{whu/ P1 dqg Uhqqlh/ D1 +4<<9,1 Ilqdqfldo Fdo0
fxoxv1 Fdpeulgjh Xqlyhuvlw| Suhvv1

^Eodfn dqg Vfkrohv/ 4<:6` Eodfn/ I1 dqg Vfkrohv/ P1 +4<:6,1 Wkh sulflqj ri
rswlrqv dqg frusrudwh oldelolwlhv1 Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;4=96:�
9871

^Erxd}l} hw do1/ 4<<7` Erxd}l}/ O1/ Eul|v/ H1/ dqg Furxk|/ P1 +4<<7,1 Wkh
sulflqj ri iruzdug0vwduwlqj dvldq rswlrqv1 Mrxuqdo ri Edqnlqj dqg Ilqdqfh/
4;=;56�;6<1

^Fxuudq/ 4<<7` Fxuudq/ P1 +4<<7,1 Ydoxlqj dvldq dqg sruwirolr rswlrqv e|
frqglwlrqlqj rq wkh jhrphwulf phdq sulfh1 Pdqdjhphqw Vflhqfh/ 73=4:38�
4:441

^Ghz|qqh dqg Zloprww/ 4<<8d` Ghz|qqh/ M1 Q1 dqg Zloprww/ S1 +4<<8d,1
Dvldq rswlrqv dv olqhdu frpsohphqwdulw| sureohpv= Dqdo|vlv dqg �qlwh0
gl�huhqfh vroxwlrqv1 Dgydqfhv lq Ixwxuhv dqg Rswlrqv Uhvhdufk/ ;=478�
4:61

^Ghz|qqh dqg Zloprww/ 4<<8e` Ghz|qqh/ M1 Q1 dqg Zloprww/ S1 +4<<8e,1 D
qrwh rq dyhudjh udwh rswlrqv zlwk glvfuhwh vdpsolqj1 Mrxuqdo ri Dssolhg
Pdwkhpdwlfv/ 88+4,=59:�5:91

^Gx!h/ 4<<9` Gx!h/ G1 +4<<9,1 G|qdplf Dvvhw Sulflqj1 Sulqfhwrq Xqlyhu0
vlw| Suhvv1

^Jodvvhupdq/ 4<<;` Jodvvhupdq/ S1 +4<<;,1 Prqwh fduor phwkrgv iru rswlrq
sulflqj1 Sk1G1 frxuvh ohfwxuh qrwhv1

^Kr�pdqq0Mûujhqvhq/ 4<<7d` Kr�pdqq0Mûujhqvhq/ M1 +4<<7d,1 Suredelolw|
zlwk d Ylhz Wrzdug Vwdwlvwlfv/ yroxph L1 Fkdspdq dqg Kdoo1

^Kr�pdqq0Mûujhqvhq/ 4<<7e` Kr�pdqq0Mûujhqvhq/ M1 +4<<7e,1 Suredelolw|
zlwk d Ylhz Wrzdug Vwdwlvwlfv/ yroxph LL1 Fkdspdq dqg Kdoo1

466
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^Kxoo/ 4<<:` Kxoo/ M1 F1 +4<<:,1 Rswlrqv/ Ixwxuhv/ dqg Rwkhu Ghulydwlyhv1
Suhqwlfh0Kdoo/ Lqf1/ wklug hglwlrq1

^Mduurz dqg Uxgg/ 4<;5` Mduurz/ U1 dqg Uxgg/ D1 +4<;5,1 Dssur{lpdwh
rswlrq ydoxdwlrq iru duelwudu| vwrfkdvwlf surfhvvhv1 Mrxuqdo ri Ilqdqfldo
Hfrqrplfv/ 43=67:�69<1

^Mrkqvrq hw do1/ 4<<7` Mrkqvrq/ Q1 O1/ Nrw}/ V1/ dqg Edodnulvkqdq/ Q1 +4<<7,1
Frqwlqxrxv Xqlyduldwh Glvwulexwlrqv/ yroxph 41 Zloh|/ vhfrqg hglwlrq1

^Ndudw}dv dqg Vkuhyh/ 4<<4` Ndudw}dv/ L1 dqg Vkuhyh/ V1 H1 +4<<4,1 Eurzqldq
Prwlrq dqg Vwrfkdvwlf Fdofxoxv1 Vsulqjhu/ vhfrqg hglwlrq1

^Nhpqd dqg Yruvw/ 4<<3` Nhpqd/ D1 J1 ]1 dqg Yruvw/ D1 F1 I1 +4<<3,1 D
sulflqj phwkrg iru rswlrqv edvhg rq dyhudjh dvvhw ydoxhv1 Mrxuqdo ri Edqn0
lqj dqg Ilqdqfh/ 47=446�45<1

^Ohhvrq/ 4<<9` Ohhvrq/ Q1 +4<<9,1 Urjxh Wudghu1 Olwwoh Eurzq1

^Ohy|/ 4<<5` Ohy|/ H1 +4<<5,1 Sulflqj hxurshdq dyhudjh udwh fxuuhqf| rswlrqv1
Mrxuqdo ri Lqwhuqdwlrqdo Prqh| dqg Ilqdqfh/ 44=7:7�7<41

^Plohyvn| dqg Srvqhu/ 4<<;` Plohyvn|/ P1 D1 dqg Srvqhu/ V1 H1 +4<<;,1 Dvldq
rswlrqv/ wkh vxp ri orjqrupdov/ dqg wkh uhflsurfdo jdppd glvwulexwlrq1
Mrxuqdo ri Ilqdqfldo dqg Txdqwlwdwlyh Dqdo|vlv/ 66+6,=73<�7551

^Suhvv hw do1/ 4<<5` Suhvv/ Z1 K1/ Iodqqhu|/ E1 S1/ Whxnrovn|/ V1 D1/ dqg Yhw0
whuolqj/ Z1 W1 +4<<5,1 Qxphulfdo Uhflshv lq F1 Fdpeulgjh/ vhfrqg hglwlrq1

^Urjhuv dqg Vkl/ 4<<8` Urjhuv/ O1 dqg Vkl/ ]1 +4<<8,1 Wkh ydoxh ri dq dvldq
rswlrq1 Mrxuqdo ri Dssolhg Suredelolw|/ 65=43::�43;;1

^Wxuqexoo dqg Zdnhpdq/ 4<<4` Wxuqexoo/ V1 P1 dqgZdnhpdq/ O1 P1 +4<<4,1
D txlfn dojrulwkp iru sulflqj hxurshdq dyhudjh rswlrqv1 Mrxuqdo ri Ilqdq0
fldo dqg Txdqwlwdwlyh Dqdo|vlv/ 59+6,=6::�6;<1

^Yruvw/ 4<<5` Yruvw/ W1 +4<<5,1 Sulfhv dqg khgjh udwlrv ri dyhudjh h{fkdqjh
udwh rswlrqv1 Lqwhuqdwlrqdo Uhylhz ri Ilqdqfldo Dqdo|vlv/ 4+6,=4:<�4<61


